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The Internet revolution has resulted in increased competition among providers of goods and services to lure customers by tearing
down the barriers of time and distance. For example, a home buyer shopping for a mortgage loan through the Internet is now a
potential customer for a large number of lending institutions throughout the world. The lenders (players, in generic game theory
nomenclature) seeking to capture this customer are involved in a nonzero-sum stochastic game. Stochastic games are among the least
studied and understood of the management science problems, and no computationally tractable solution technique is available for
multi-player nonzero-sum stochastic games. We now develop a computer-simulation-based machine learning algorithm that can be
used to solve nonzero-sum stochastic game problems that are modeled as competitive Markov decision processes. The methodology
based on this algorithm is implemented on a supply chain inventory planning problem with a limited state space. The equilibrium
reward obtained from the stochastic game problem is compared with a logical upper bound obtained from the corresponding Markov
decision problem in which a single decision maker (player) is substituted for all the competing players in the game. Several numerical
versions of the problem are studied to assess the performance of the methodology. The results obtained from our methodology for
the inventory planning problems are within 0.8% of the upper bound.

1. Introduction

The explosion in E-commerce has created an unprecedented
level of competition in today’s markets. The struggle to cap-
ture customers, which even a few years ago was mostly con-
fined to the neighborhood bricks and mortar type retail-
ers/producers, has suddenly opened up to the rest of the
world. Decision-making in such a scenario can often be
characterized and studied using a nonzero-sum stochastic
game model; a nonzero-sum game is where the gain of one
player is not necessarily the loss of another player. Such
multi-player game situations have become extremely com-
monplace; however, not much is currently known in terms
of how to analyze these games and how to examine the pos-
sible rewards. Thus, businesses are left largely to their gut
feelings when making critical business decisions.

This paper presents the development of a new Reinforce-
ment Learning (RL) algorithm and its complete implemen-
tation methodology for finding (near-) equilibrium points
of nonzero-sum stochastic games having state spaces that
are relatively much larger than the problems that have been

studied in the literature. The methodology is tested on an
inventory planning problem from the supply chain arena,
which is of significant current interest. The supply chain
considered could either be in the E-business domain or
in the traditional domain. The choice of the problem was
partially motivated by a recent paper by Anupindi et al.
(2001) that presents a thorough discussion of the supply
chain’s general competitive framework. We are not aware
of any other method that can be effectively implemented
on stochastic games of comparable complexity both from
the standpoint of modeling and also the size of the state
space. The methodology takes advantage of a growing area
of machine learning, which is founded on the well-known
principles of stochastic dynamic programming and stochas-
tic approximation.

RL allows the decision-making agents (or players) to
learn from the rewards obtained from the actions taken
over time and thus reach (near-) optimal strategies. RL-
based methods work with simulated models of the system
and can thereby deal with problems having complex reward
and stochastic structures. RL can also integrate within it
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various function approximation methods (regression, neu-
ral networks, etc.) which makes it possible to address prob-
lems with larger state spaces. Convergent and optimal al-
gorithms for problems having a single decision maker, that
are modeled as Markov decision problems, have been pro-
posed in the RL literature (Watkins, 1989; Abounadi et al.,
1998; Sutton and Barto, 1998; Gosavi, 2000). The algo-
rithm presented in this paper is an extension of the single
agent RL framework to stochastic games under an average
reward criterion. Since the RL algorithm is based on the
value iteration algorithm of dynamic programming, our fo-
cus is on the class of stochastic games that has the structure
of a Competitive Markov Decision Process (CMDP). The
results of this study motivate further research to develop
a much needed analytical/computational tool base which
would allow the corporate world to examine competitive
business policies.

Stochastic games are evolutionary in nature, where the
players take actions with an objective of maximizing their
benefits while anticipating others’ actions. As a game
evolves, the players learn more about the game outcomes
and the tendencies of the other players. In most practical
cases, a game eventually reaches an equilibrium point. Of the
many characterizations of an equilibrium point, the most
common one is called the Nash equilibrium (Nash, 1951).
While volumes of literature exist for deterministic games,
the theory of nonzero-sum stochastic games is in its infancy
(Filar and Vrieze, 1997). Single or multiple equilibria ex-
ist for discounted reward nonzero-sum games with a finite
state and action spaces with bounded rewards. For aver-
age reward nonzero-sum games, the existence of an equi-
librium point is guaranteed only for irreducible games with
finite state and action spaces and bounded rewards. How-
ever, identifying an equilibrium strategy for average reward
nonzero-sum games is very challenging, especially for prob-
lems that are encountered in practice. Recently, RL has been
used in attempts to solve simple test cases of both determin-
istic and stochastic games (Littman, 1994; Erev and Roth,
1998; Hu and Wellman, 1998). Encouraged by these appli-
cations and our experiences with the use of RL techniques
for single player average reward stochastic decision-making
problems (Das et al., 1999; Paternina and Das, 2000; Gosavi
et al., 2002), we developed a multi-agent RL algorithm for
games with average reward as the decision criterion. The av-
erage reward criterion, although it provides little analytical
tractability compared to the discounted criterion, has sig-
nificant practical relevance for performance measures such
as: (i) demand fill rate, stock level and profit for inventory
planning problems; (ii) number and average size of the loans
(policies) served in banking (insurance); and (iii) the per-
centage of market held in the retail industry. Multi-agent
RL applications to-date on stochastic games include the dis-
counted reward Q-learning algorithm of Hu and Wellman
(1998), and the minimax Q-learning algorithm for a two-
player zero-sum Markov game of Littman (1994). We be-
lieve that our paper presents the first attempt to develop a

computational algorithm for solving large-scale nonzero-
sum stochastic games with an average reward criterion.

2. The stochastic game model

A stochastic game is an extension of a single player stochas-
tic decision-making problem and a brief description of the
latter is in order. In a single player problem, the system is
characterized by a numerical attribute generally referred to
as the state of the system. The system is usually dynamic
in the sense that the state changes from time to time in a
stochastic manner. State changes in the system are influ-
enced by the actions selected by the decision maker and
are guided by the state transition probabilities. Each ac-
tion, together with the state change between the decision
epochs results in some rewards (or costs). The objective
of studying such a problem is to find the actions in the
different decision-making states that maximize some func-
tion of the net reward. A class of such single player prob-
lems is called Markov or Semi-Markov Decision Problems
(MDPs/SMDPs). The modeling framework for this class of
problems is referred to as stochastic dynamic programming
(Bellman, 1957).

A natural extension of the single player decision problem
is the case where there is more than one decision maker,
and each decision maker has a different competitive ob-
jective. Such problems are referred to as stochastic games,
a special class of which having Markovian state transition
probability structure is called CMDPs. A description of a
stochastic game, as given in Filar and Vrieze (1997, pp. 156–
157) follows. Let the state of a system at any time belong to
a finite set E = {1, 2, . . . , |E|}. At different points in time,
players (decision makers) have the ability to influence the
course of the system by choosing actions from a finite set
of available actions. The time epochs in which actions are
taken are also called decision epochs. System states are as-
sumed to be fully observable to the players. However, an
action chosen by a player is not observable by other play-
ers at the time of decision-making. Let mi(l) denote the
number of actions available to player i in state l ∈ E. Then
Ai(l) = {1, 2, . . . , mi(l)} denotes the action set for player i in
state l ∈ E. To simplify the exposition, hereafter, we assume
two players. Let, in state l, a1 ∈ A1(l) and a2 ∈ A2(l) denote
the independent actions chosen by the players. Note that a1

and a2 are functions of l, but are written without l in order to
simplify notation. Also, let r1(l, a1, a2, q) and r2(l, a1, a2, q)
denote the immediate payoffs (rewards) earned by the play-
ers 1 and 2 when actions a1 and a2 are chosen in state l
resulting in a transition to state q. Then the system state
at the next decision epoch is determined by a stochastic
transition probability matrix P(l) given as:

P(l) : A1(l) × A2(l) →
{

x; x ∈ 
|E|, xj ≥ 0,

|E|∑
j=1

xj = 1
}
,
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where A1(l) × A2(l) denotes the matrix of action combina-
tions over which the transition probability vectors (x) are
defined. A vector of the P(l) matrix, when a1 ∈ A1(l) and
a2 ∈ A2(l) are the actions chosen by players 1 and 2 respec-
tively, can be given as

P(l, a1, a2)
= (P(1|l, a1, a2), P(2|l, a1, a2), . . . , P(|E||l, a1, a2)),

where P(q|l, a1, a2) indicates the probability of system tran-
sition from state l to state q as a result of the chosen actions
a1 and a2, and

∑|E|
q=1 P(q|l, a1, a2) = 1.

If r1(l, a1, a2, q) + r2(l, a1, a2, q) = 0, the game is called
a zero-sum game, otherwise it is called a nonzero-sum
game. Strategies for players are rule vectors that tell them
what action to choose in any given system state. Two
types of strategies that are of interest here are pure strat-
egy and mixed strategy. Let the strategy of player 1
be given as s1 = (s1(1), s1(2), . . . , s1(|E|)), where s1(l) =
(f 1(l, 1), f 1(l, 2), . . . , f 1(l, m1(l))). The term f 1(l, n) denotes
the probability of choosing action n in state l by player 1,
and

∑m1(l)
n=1 f 1(l, n) = 1. A strategy s1(l), as defined for player

1 in state l, is called pure if f 1(l, a1) ∈ {0, 1} for all a1 ∈ A1(l)
and l ∈ E, else the strategy is called mixed.

Let the mixed strategy spaces for players 1 and 2 be de-
noted byS1 andS2. A strategy (s1∗

, s2∗
) ∈ S1 × S2 is a Nash

equilibrium point of a stochastic game � if:

ν1(s1, s2∗
) ≤ ν1(s1∗

, s2∗
) ∀s1 ∈ S1,

ν2(s1∗
, s2) ≤ ν2(s1∗

, s2∗
) ∀s2 ∈ S2,

where ν1(., .) denote the overall payoff from a strategy for
player 1 under a preselected criteria (e.g., average reward,
discounted reward etc.) and a maximization scenario. Thus,
Nash equilibrium dictates that unilateral deviations from
(s1∗

, s2∗
) ∈ S1 × S2 either by player 1 or player 2 are not

worthwhile. In the next section, we give an overview of the
multi-agent RL framework.

3. A RL approach

Stochastic games are naturally plagued by the same draw-
backs as MDP/SMDP, such as: (i) the difficulty in develop-
ing the transition probability matrices (called the curse of
modeling); and (ii) the difficulty in solving for the “values”
of each element of the state space in every iteration (called
the curse of dimensionality). The RL approach addresses
the modeling issue by using a simulation-based model that
can accommodate almost any complexity of a system. The
issue of dimensionality is addressed to an extent by the use
of an asynchronous value updating approach. The theory
of RL is founded on two important scientific principles:
Bellman’s equation, and the theory of stochastic approx-
imation (Robbins-Monro type algorithm (Robbins and

Monro, 1951). We now briefly explain how a multi-agent
RL system works with the help of Fig. 1 that shows a
schematic of a two-agent system.

Any learning model contains four basic elements: (i) the
system environment (simulation model); (ii) the learning
agents (players); (iii) a set of actions for each agent (action
spaces A); and (iv) the system response (immediate reward).
At a decision-making state (say, l), the learning agents select
an action vector (a = (a1, a2) ∈ A). These actions and the
system random variables collectively lead the system to the
next decision-making state (say, q). As a consequence of this
action choice (a) and the resulting transition from state l to
state q, the agents get their reward responses (r1(l, a, q) and
r2(l, a, q)) from the system environment. Using these re-
sponses, the agents update their knowledge base (Q-values,
also called reinforcement values) for the most recent state
and action combination encountered (l, a). This completes
a learning step. At this time the agents select their next ac-
tions based on the Q-values for the current state (q) and the
available action combinations. The policy of selecting an
action based on the Q-values is often violated by adopting
a random choice. This is known as exploration, since this al-
lows the decision makers to explore other possibilities. This
learning process repeats and the agent performances con-
tinue to improve. A sample greedy updating scheme for the
Q-value for player i after the visit to the state-action com-
bination (l, a) at the (n + 1)th step (denoted as Qi

n+1(l, a))
can be given as:

Qi
n+1(l, a) = (1 − αn)Qi

n(l, a)

+ αn
[
r1(l, a, q) − ρi

n + max
b∈A

Qi
n(q, b)

]
,

where αn is the learning rate at step n (which is decayed
after every step), and ρi

n is a scalar for which current av-
erage reward of player i can be used. The current average
reward can be obtained by dividing the running sum of
rewards for agent i by the number of decision steps en-
countered. In some RL algorithms (as in ours), the cur-
rent average reward values are also learned using a learning
mechanism to avoid large fluctuations. This is referred to
in the literature as two time-scale learning. After contin-
uing learning for a large number of steps, if the Q-values
for all state-action combinations converge (which depends
on the nature of the system and the RL algorithm used),
the learning process is said to be complete. The converged
Q-values are then used to construct separate A × A value
matrices {Qi(l, a1, a2) : a1, a2 ∈ A} for each player and each
state. The matrix game formed by these matrices is solved
to find the Nash equilibrium policy for each state of the
system.

In what follows, we present the average reward RL al-
gorithm for solving competitive Markov decision prob-
lems that was developed by this research effort. But, before
formal presentation of the algorithm, we give a step-by-
step description of the algorithm. The key elements of this
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Fig. 1. A multi-agent RL model.

algorithm are a system simulation program within which
the decision-making component is embedded. The simula-
tion program simulates the actions and the resulting sys-
tem transitions, and also generates the system response (re-
wards). The decision component of the algorithm then uses
the system responses to learn Q-values, which is then used
to construct an equivalent matrix game for a stochastic
game. An existing method is used to obtain the Nash equi-
librium policy from the matrix game and to evaluate the
corresponding rewards of the players. The step numbers
used in the following explanation correspond exactly to the
step numbers of the algorithm presented in Section 3.1.

1. As a first step, the following variables are initialized:
the Q-value matrices for each player and each state, the
current average reward values for the players, the input
parameters for two different learning rates and an explo-
ration rate, and the quantities Ri(l, k) defined as the sum
of the Qi(·)-values for all combinations of action choices
of the remaining players when player i choses action k
in state l.

2. Assume that at the iteration count n < MaxSteps, the
system state is l. MaxSteps is the termination criterion.

(a) For each player i, assign the probability value of one
minus the current exploration rate for choosing ac-
tion k with the highest Ri(l, k) value. All of the re-
maining actions (that are possible choices for an ex-
ploratory action) are assigned equal portions of the

exploration probability. Uniform(0,1) random vari-
ables are generated for selecting action choices for
the players according to the above probabilities.

(b) The system simulation is initiated with the chosen
actions and continued till the next decision-making
state (say, q) is reached. Immediate rewards of the
players resulting from the competitive action choices
are generated.

(c) At this time, for each player, the Q-value for the most
recent state-action combination is updated using a
learning scheme. Also updated is the player’s average
reward value (ρi

n) which is used in Q-value updating.
This type of a dual updating scheme is called a two
time-scale updating procedure.

(d) The learning parameters and the exploration pa-
rameter are now updated (decayed). We have used a
well-known decay scheme proposed by Darken et al.
(1992).

(e) Update the current system state as q and the iteration
count as n + 1.

(f) If the current iteration count is less than the
MaxSteps, the algorithm continues at Step 2(a).
Else, it moves to Step 3. The value of “MaxSteps”
is selected (based on preliminary experimentation)
such that after many iterations, the Q-values do not
change appreciably anymore and, perhaps, converge.
These Q-values are used to construct an equivalent
matrix game.
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3. Compute the Nash equilibrium for each state from the
matrix game using an existing software GAMBIT c©

available at www.hss.caltech.edu/gambit. The software
provides various approaches to finding one or more equi-
librium points, such as solving the linear complementar-
ity problem, a simplicial subdivision method, and Lya-
punov function method, among others.

4. Start a fresh simulation of the system with the Nash equi-
librium policy and estimate the rewards of the players.
Note that the values of ρi

n at the completion of the learn-
ing phase give somewhat lower estimates of rewards,
since they are averaged over all “good” and “bad” ac-
tions taken by the agents during learning.

In what follows, we give a formal description of the RL al-
gorithm. Thereafter, we examine the efficiency of the RL
algorithm through its application to a noncooperative in-
ventory planning problem.

3.1. A RL algorithm for average reward competitive MDPs

1. Let N be the number of players and the it-
eration count n = 0. Initialize reinforcement val-
ues Qi(l, a1, a2, . . . , aN) = 0 for all players i ∈ N =
{1, 2, . . N}, states l ∈ E, and actions ai ∈ Ai(l), which
denotes the action space for player i at state l. The above
Q-values form N-dimensional matrices (Qi(l), for each
player and state combination) of size |A1(l)| × |A2(l)| ×
· · · × |AN(l)|, where |Ai(l)| denotes the cardinality of
Ai(i). Set the average reward for the players ρi

0 = 0 for all
i ∈ N . Define Ri

n(l, k) = ∑
{a1,...,aN }\ai Qi

n(l, a1, . . . , ai =
k, . . . , aN), which is the sum of all entries of a rein-
forcement value matrix Qi

n(l) corresponding to action
k of player i and all possible combinations of other
players’ actions at the nth iteration. Initialize the val-
ues of Ri

0(l, k) to zero. Initialize the input parameters
(α0, β0, γ0, ατ , βτ , γτ ) for choosing the learning rates (α
and β) and exploration rate (γ ) according to the Darken-
Chen-Moody (DCM) search-then-converge scheme in
Step 2(d) (Darken et al., 1992).

2. While n < MaxSteps, do
Let the system state at iteration n is l ∈ E.

(a) For all i ∈ N and k ∈ Ai(l), compute the probability
of choosing action k by player i, P{ai = k}, denoted
by pi(l, k), as follows.

pi(l, k) =



(1 − γn) if Ri
n(l, k)

= maxk∈Ai(l)Ri
n(l, k),

γn × 1/(|Ai(l)| − 1), otherwise.

As per above, the action ai = k, for which Ri
n(l, k)

is maximum is chosen with probability (1 − γn), and
the rest of the actions are chosen with an equal frac-
tion of the exploration probability γn at the current
step n of the algorithm.
Then, for each player i ∈ N , generate a random vari-
able yi from a uniformly distributed random vari-

able U(0, 1) to select an action as follows. Find,
using pi(l, k), the cumulative probability distribu-
tion function Fi(l, k), over the range of actions
k ∈ Ai(l). Choose action ai = k, for which the con-
dition Fi(l, k − 1) < yi ≤ Fi(l, k) is satisfied.

(b) Simulate the system with the chosen actions for all
the players until the next decision epoch. Let the
system state at the next decision epoch be q and
r i(l, a, q) be the reward for player i corresponding to
the action combination a.

(c) Update the Q-value for the most recent state-
action combination Qi

n+1(l, a) and the average re-
ward ρi

n+1 for all the players i ∈ N as follows. Let
â = (â1, â2, . . . , âN) denote a possible action vector
in state q, where âi ∈ Ai(q). Define Qi

exp(q) as the ex-
pected Q-value for player i in state q calculated over
all possible action choices of the players. Thus, we
have that:

Qi
exp(q) =

∑
â∈{A1(q)×···×AN (q)}
(p1(q, â1) × · · · × pN(q, âN))Qi

n(q, â).

With the above, the two time-scale updating equa-
tions are given as

Qi
n+1(l, a) = (1 − αn)Qi

n(l, a)

+αn
(
r i(l, a, q) − ρi

n + Qi
exp(q)

)
, (1)

and

ρi
n+1 = (1 − βn)ρi

n + βn

[
nρi

n + r i(l, a, q)
(n + 1)

]
. (2)

(d) Find the updated values of the learning rate param-
eters αn+1 and βn+1, and the exploration rate param-
eter γn+1 using the DCM scheme as given (in generic
notation φ) below:

φn+1 = φ0

1 + u
, where u = n2

φτ + n
,

where φ0 is the starting value of the rate parameter,
and φτ is a large constant chosen suitably to control
decay of the rate parameter φ.

(e) Set l ← q and n ← n + 1.
(f) If n < MaxSteps, go to Step 2(a), else go to Step 3.

3. Compute the Nash equilibrium in each state l ∈ E using
the final form of the Q-matrices {Qi(l)} for all i ∈ N , and
l ∈ E. (This step can be accomplished for problems with
limited state spaces using GAMBIT c©).

4. Run a fresh simulation of the system with the fixed Nash
equilibrium policy as obtained from Step 3, without
the learning component, to estimate the average system
reward.
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4. A multiple retailer/warehouse inventory planning
system: a test bed for the competitive RL algorithm

To develop an insight into the abilities of a RL-based ap-
proach to handle nonzero-sum stochastic game problems
under the average reward criterion, we adopted an inven-
tory planning problem for a test bed. The problem has the
desired characteristics, such as finite state and action spaces,
and a bounded reward. The inventory system consists of N
retail outlets belonging to independent agents dealing with
a single product, who are interested in maximizing their
own performance, rather than the entire system. The retail
agents may pool inventories at W central warehouses. The
pooling of inventory in central warehouses is a common
practice among businesses to deal with the demand un-
certainty and to take advantage of the transportation and
storage costs. Each of the N retail locations experiences
demand independently from the other outlets. The ware-
houses do not experience any demand. Inventory decisions
for the warehouses are made by the retailers. For simplic-
ity, it is assumed that each retailer controls one outlet. The
retailers share the residual inventory (inventory left after
realizing the daily demand) at local outlets as well as the
stocks at the central warehouses to meet the residual de-
mands (unsatisfied demands) at the outlets at the end of a
business day. Note that the warehouse inventories are used
only for meeting residual demands at the end of a day. In
such a system, there are two stages of decision-making that
are separated in time. The first stage involves the inventory
decision that is made before realizing the demand. This
stage includes the decision of stock levels at local as well
as central locations. The retailers choose retail and ware-
house stock levels unilaterally without any knowledge of
the decisions taken by other retailers (pure competition).
However, it is assumed that at the end of the business day
the inventory decisions made earlier are revealed. The sec-
ond stage involves the transshipment decision that is made
after the demand realization. All the agents must come to an
agreement (complete cooperation) regarding the shipping
of residual inventory at the retailers and at the warehouses
to meet the residual demands, and also regarding the al-
location of the excess profit made from inventory sharing.
However, the decision about the allocation mechanism of
excess profit among the agents should be made before realiz-
ing the demands. The Profit Allocation Rule (PAR) should
be designed such that it does not give incentive for individ-
ual retailers or groups of retailers to break away from the
grand coalition; such allocations are called core allocations
(Owen, 1975).

A thorough description and a very general framework for
study of this problem can be found in Anupindi et al. (2001).
We extend this general framework by developing a CMDP-
ILP (Integer Linear Programing) model for the noncoop-
erative scenario, and a MDP-ILP model for the central-
ized (noncompetitive) scenario of the problem. (The ILP
model used for determining inventory sharing is identical

to what is presented in Anupindi et al. (2001).) We solve
the CMDP-ILP model using our machine learning algo-
rithm. We also optimally solve the MDP-ILP model using
the well-known value iteration algorithm of stochastic dy-
namic programming. In the remainder of this section, we
present our model formulations. We include a brief descrip-
tion of the ILP model for completeness and for the benefit
of the readers.

4.1. Formulating the inventory planning problem
as a CMDP and ILP

Let the system state of the problem with N retailers and
W warehouses be denoted by a 2-tuple X = (r, w) where
r and w indicate the retailer and the warehouse inventory
levels respectively. The elements of the system state (r, w)
are r = (r1, r2, . . . , rN) and w = (w1, w2, . . . , wW ), where ri
is the inventory level at retailer i and wj is the inventory at
warehouse j. Let K be the maximum inventory level that
can be stored by a retailer at his/her retail location and in
each of the warehouse locations. Thus, the quantity ordered
by a decision maker at any decision epoch is between zero
and K for the retail and each of the warehouse locations.
Thus, the size of the state space is bounded by |E| = (K +
1)N × (NK + 1)W . Let d = (d1, d2, . . . , dN) be the demand
vector where di is the demand at the ith retailer. Demands
are assumed to be independent across all retailers. Let N =
{1, 2, . . . , N} and W = {1, 2, . . . , W} be the sets of retailers
and warehouses respectively. Thus, the action vector of any
retailer i can be given as ai = (ai, ai

N+1, . . . , ai
N+W ), where,

for i ∈ N , ai represents the “order up to” level of inventory
of retailer i, and for j ∈ W , ai

N+j denotes the “order up to”
level of inventory of retailer i at warehouse location j. The
system state is observed at the end of every business cycle,
and based on the system state an action is taken by each
retailer (decision maker). Let Xl denote the system state at
the end of the lth business day, where l ∈ L and L denotes
the set of natural numbers. Define a random process X =
{Xl : l ∈ L} as the system process, where Xl ∈ {(ri, wj) : ∀i ∈
N and j ∈ W}, ri ∈ {0, . . . , K}, and wj ∈ {0, . . . , NK}. For
any given inventory policy and Poisson demand arrivals,
the random process X can be shown to be a Markov chain.
The actions available to retailer i at any system state m ∈ E
are given by the set as follows.

Ai(m) = {ai(m) : ai(m) ∈ {ri(m), ri(m) + 1, . . . , K},
{
ai

N+j(m) ∈ {
wi

j(m), wi
j(m) + 1, . . . , K

}
: ∀i ∈ N , j ∈ W

}
,

where ri(m) and wi
j(m) denote the inventory levels at the

ith retailer, and the ith retailer’s inventory at the jth ware-
house respectively for system state m. With the “order up
to” policy, if the action ai(m) is K, the number of new
items ordered is K − ri(m). The Markov chain X and the
action space A = {Ai(m) : i ∈ N , m ∈ E} together define
the complete MDP. However, the noncooperative nature
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of the decision-making processes with a separate objective
function for each retailer makes this MDP a CMDP. The
system state transition in the Markov chain depends on
the demand arrival processes at the retailers and also on
the inventory sharing between the retailers and the ware-
houses toward the end of a business cycle. The ILP model
for the inventory sharing aspect of the problem, as given in
Anupindi et al. (2001), is given next.

Define a set V = N ∪ W = {1, 2, . . . , N, N + 1, . . . ,

N + W}. For all k ∈ V , let ck and νk denote the unit cost
and the unit salvage price respectively, and, for all i ∈ N ,
let pi denote the revenue per item at retailer i. Also, let
si = min{ai, di} be the sales from the local inventory at re-
tailer i, and hi = max{(ai − di), 0} be the residual inventory
after satisfying local demand. Recall that residual inven-
tories are shared among the retailers to meet residual de-
mands. Let qk,i and tk,i denote the number of units shipped
from location k ∈ V to retailer i ∈ N and the corresponding
transportation cost, respectively. Let q = {qk,i : k ∈ V, i ∈
N } denote the shipping pattern. For each combination of
the action vector (a), the demand arrival vector (d), and
the shipping pattern (q), the excess profit available to the N
retailers in this system can be expressed as

ωN (a, d, q) =
∑

k∈V,i∈N
( pi − νk − tk,i)qk,i.

The optimal shipping pattern that maximizes the profit is
found by solving the following ILP:

ωN (a, d) = max
q

ωN (a, d, q), (3)

subject to ∑
l∈N

qi,l ≤ hi, ∀i ∈ N , (4)

∑
l∈N

qj,l ≤
∑
i∈N

(
ai

N+j

)
, ∀j ∈ W, (5)

∑
k∈V

qk,i ≤ Ei, ∀i ∈ N , (6)

qk,i ≥ 0 and integers, ∀k ∈ V, ∀i ∈ N , (7)

where Ei = max{(di − ai), 0} is the residual demand at re-
tailer i which cannot be satisfied from the local inventory.
The constraints (4) and (5) ensure that the total quanti-
ties shipped from retailer i and warehouse j respectively do
not exceed their available inventories. The constraint (6) en-
sures that the total quantity shipped to retailer i does not
exceed its residual demand. Non-negativity and integrality
restrictions are given by Equation (7).

The total profit made by a retailer i following the dual
price (DP) allocation rule (which ensures core allocation
(Owen, 1975; Shapley and Shubik, 1975)) is given by
Anupindi et al. (2001):

PDP
i (a, d) = pisi + (νi − µi)hi − ciai + αDP

i (a, d), (8)

where

αDP
i (a, d) = uihi +

∑
j∈W

γj
(
ai

N+j

) + δiEi. (9)

In Equation (8), νk and µk represent the salvage price and
holding cost per item, respectively. The allocation of the
total excess profit to player i is denoted by αDP

i (ad). The el-
ements ui, γj and δi in Equation (9) represent the DPs of the
constraints (4), (5) and (6) respectively. This completes the
presentation of the CMDP-ILP model. The MDP model
for the centralized (noncompetitive) version of the prob-
lem is presented next.

If the competing decision agents (retailers) of the prob-
lem are substituted by a single agent who looks at the whole
system state space and takes decisions for all retail locations
to maximize average system reward, then the uncooperative
inventory planning problem reduces to what can be mod-
eled as a MDP. This Single Agent Problem (SAP) when
solved optimally, gives a solution that is an upper bound for
the uncooperative Multi-Agent inventory planning Prob-
lem (MAP). The ways in which the SAP and MAP solutions
can differ are in the total system reward, and in the distri-
bution of individual rewards to the players. In the SAP,
the decision maker has complete information and makes
decisions in order to maximize the total system reward. In
the MAP, the players act with incomplete information while
trying to maximize their individual rewards, without regard
for the total system reward. As a result, the MAP solution is
likely to produce a smaller system reward compared to the
SAP solution. However, the rewards earned by the players
in a MAP depend very much on the efficiency of the learn-
ing algorithm, and the total reward will at best be equal to
the SAP solution. Hence, the SAP solution provides a very
logical upper bound for the results of the RL algorithm.

4.2. A MDP model for SAP and its solution algorithm

The SAP is modeled as a MDP in a manner similar to
the CMDP modeling of the MAP. The notation needed
to describe the MDP is same for both MAP and SAP
with the only exception of the action space. The “order
up to” action vector for the decision agent in SAP is
given by a = (a1, a2, . . . , aN, aN+1, aN+2, . . . , aN+W ), where
ai, i ∈ N , denotes the inventory level at retailer i at the
beginning of the business cycle immediately following the
action a, and aj, j ∈ {N + 1, . . . , N + W}, denotes the in-
ventory level at the warehouse j. Note that, the superscript
i from the action vector is removed, since there is only one
decision agent. The optimal solution of a MDP requires
the transition probability matrix and the cost/profit matrix
associated with each action. In what follows, the details of
computing the transition probability and profit matrices for
SAP are given.

Let q = (r1, . . . , rN, w1, . . . , wW ) ∈ E(state space) be the
stock levels at the retailers and warehouses at the end of the
most recent business cycle. For each “order up to” action
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vector a = (a1, . . . , aN, aN+1, . . . , aN+W ), the starting in-
ventory level at all locations at the beginning of the current
business cycle is given by (a1, . . . , aN, aN+1, . . . , aN+W ). Let
the random variable for demand, Di, at a retailer i ∈ N
have a Poisson distribution with parameter λi. The max-
imum demand a retailer can satisfy is dmax = (a1 + · · · +
aN + aN+1 + · · · + aN+W ) (assuming that all other retail-
ers experience a zero demand). Let d = (d1, . . . , dN) be the
demand experienced by the retailers. Since demands are
independent across the retailers, the probability of realiz-
ing a demand scenario d is given by

∏N
i=1 P(Di = di). After

satisfying the demands with local inventories to the extent
possible, the residual inventories are shared, and the sharing
pattern is determined by the ILP as in MAP. Subtracting
from the starting inventory levels the demands realized by
a retailer and the inventory transferred from that location
to other locations gives the end state s ∈ E of the system.
One or many of the demand scenarios might lead the sys-
tem to the same end state s. Thus, the transition probability
P(q, a, s) for action a at starting state q is given by the sum
of the probabilities of each demand scenario that leads to
the end state s.

The profit made under each demand scenario is given
by the following equation. Let PC

N(a, d, q) denote the to-
tal profit for a centralized system with N retailers having
adopted action vector a, experienced demand arrival vec-
tor d, and with a shipping pattern q. Then we have that:

PC
N(a, d, q) =

N∑
i=1

[pisi + (νi − µi)hi − ciai]

+
∑
j∈W

[(νj − µj)hj − cjaj]

+
∑

k∈V,i∈N
(pi − νk − tk,i)qk,i.

The total profit is composed of three terms, which corre-
spond to the profits made by: (i) selling items at the lo-
cal outlets; (ii) salvaging all unsold items; and (iii) sharing
inventory among the retailers. An average reward relative
value iteration algorithm (Puterman, 1994) has been used
to solve the MDP. Note that each business cycle is indepen-
dent of the preceding cycle, and thus the system profit per
business cycle is used as the measure of performance.

Relative Value Iteration (RVI) algorithm for SAP
Let Vn(q) be the total expected value of evolving through n
stages starting at state q ∈ E, and ψ is the space of bounded
real valued functions on E.

Step 1. Select V0 ∈ ψ , choose k∗ ∈ E, specify ε > 0, and
set n = 0.

Step 2. For each q ∈ E, compute Vn+1(q) by:

Vn+1(q) = max
a∈A(q)

{
r (q, a) − Vn(k∗)

+
∑
s∈E

P(q, a, s)Vn(s)
}
,

where r (q, a) is the immediate reward obtained by
taking action a in state q, and P(q, a, s) is the one-
step transition probability.

Step 3. If sp(Vn+1 − Vn) < ε, go to Step 4. Otherwise in-
crement n by one and return to Step 2. sp denotes
span, which for a vector v is defined as sp(v) =
maxq∈E v(q) − minq∈E v(q).

Step 4. For each q ∈ E, choose ε-optimal action in steady
state, aε(q), as:

aε(q) ∈ argmaxa∈A(q)

{
r (q, a) − Vn(k∗)

+
∑
s∈E

P(q, a, s)Vn(s)
}
,

and stop.

4.3. Solving the MAP

The RL-based solution methodology of the MAP has five
different elements as depicted in Fig. 2. The arrows in the
figure indicate the flow of information among the elements.
Brief descriptions of the elements are given below.

(a) Simulation: This block is activated after the inventory
decisions are made by the retailers. The customer ar-
rival processes during a business cycle in the inventory
distribution system are simulated. The ARENA c© sim-
ulation software package was used to develop the sim-
ulation model. At the end of a business cycle, based on
the action taken (inventories ordered) at the beginning
of the cycle and the realized demand during the cy-
cle, the simulation block sends the information about
the residual inventory and the residual demands to the
transportation block.

(b) Transportation: Upon receiving from the simulation
block the information on residual demands and resid-
ual inventories, the transportation block decides the
optimal sharing pattern for the residual inventories

Fig. 2. Elements of the MAP solution methodology.
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to meet the residual demands by solving the ILP.
LP SOLVE, a freely available software on the Inter-
net (ftp://ftp.es.ele.tue.nl/pub/lp solve/), was used to
solve the ILP. The optimal shipping pattern, the excess
profit thus made by sharing, the dual values of the con-
straints, and the end state of the cycle are then sent to
the Visual Basic for Applications block (VBA), which
is a backend software package module available with
ARENA c©.

(c) Visual Basic for Applications (VBA): The VBA block
allocates to the retailers the excess profit made in a cycle
by sharing of the inventory based on a DP allocation
rule. This block sends the information regarding the
starting and the end states of the system, and the total
profit made by each retailer during the business cycle
(known as reward response) to the reinforcement learn-
ing block.

(d) Reinforcement Learning (RL): The RL block updates
the reinforcement value matrix of each agent using
Step 2(c) of the RL algorithm and the information re-
ceived from the VBA block. This block then updates the
values of the exploration and learning rates (Step 2(d))
using the DCM scheme. Then, if the stopping criterion
is not reached, it decides on the next set of actions for
the retailers (Step 2(a)) based on the ending state of
the current cycle and the reinforcement values of the
available actions. This set of actions is then sent to the
simulation block (Step 2(b)). This cycle of simulation →
transportation → VBA → RL → simulation continues
until the condition in Step 2(f ) is met. Then the matri-
ces containing the reinforcement values (Q-values) are
sent to the Nash Equilibrium (NE) block as input.

(e) Nash Equilibrium (NE): This block solves a static game
with the reinforcement value matrices as the payoff ma-
trices. GAMBIT c© was used to find the Nash equilib-
rium policy for each state. We used the simplicial subdi-
vision algorithm approach (Van der Laan et al., 1987)
available through GAMBIT c© to compute a Nash equi-
librium. The Nash equilibrium policy thus found is sent
back to the simulation module. This system operating
under the above Nash policy is simulated again for a
large number of replicates from which the “equilibrium
rewards” for each player and the system are estimated.

5. Numerical results and analysis

This section presents numerical results for several variants
of the test problem, which were solved using the RL-based
methodology. In order to demonstrate the performance
of the RL-based methodology, these results are compared
with the corresponding upper bounds obtained by solving
the SAPs using optimal value iteration algorithm. However,
implementation of the value iteration algorithm involves:
(i) complexity of modeling (resulting from the need to con-
struct separate transition probability and reward matrices

for each player and each action of the large action spaces);
and (ii) burden of dimensionality (resulting from the large
size of the system state space). Hence, in our numerical
problems, without any loss of generality, warehouses were
not considered in order to reduce the size of the state space
and thus ease the task of upper bound calculations.

5.1. Description of the numerical test problem

The numerical test problem consists of three retailers (N =
3). The parameters for the test problem, as described next,
have been chosen somewhat arbitrarily. It was considered
that the retailers 1, 2 and 3 experience Poisson distributed
demand arrivals with mean rates of λ1 = 3, λ2 = 3 and
λ3 = 2. Each retailer can order inventory between zero and
four (i.e., K = 4). All customers at a retailer are willing to be
served from other locations when a stock out situation oc-
cers. The unit cost (ci), unit revenue (pi) (unit cost + profit),
and holding cost (µi) of an item are the same across all re-
tailers. The salvage price of an unsold item (νi) is considered
to be the same as the unit cost. The unit cost is considered
to be $10. The profit, holding cost and the salvage price are
taken as percentages of the unit cost. The transfer cost for
moving an item between two retailers i and j (ti,j) is fixed and
given in Table 1. The DP-based allocation of excess profit
(as described in Equations (8) and (9)) was considered in
the study of the test problem.

5.2. Numerical results

This section first discusses the methodology that was used in
determining the design parameters of the RL-based MAP
solution methodology. This methodology requires three in-
put parameters and six design parameters. The input pa-
rameters are: the cost per item, the profit per item, and the
holding cost per item. The design parameters are the initial
values of state-action learning parameters (α0, ατ ), average
reward learning parameters (β0, βτ ), and the exploration
parameters (γ0, γτ ). The parameters ατ , βτ and γτ affect
the rate of decay of the corresponding learning and explo-
ration rates α, β and γ , for which the initial values are α0, β0
and γ0 respectively. In our study, all the learning and explo-
ration parameters were decayed using the same parame-
ter, and thus we had ατ = βτ = γτ . In order to obtain the
best performance of the RL methodology, it is important
to have good estimates for each of the design parameters.
We obtained such estimates through a designed factorial
experiment. Through this experiment, the sensitivities of

Table 1. Transfer cost matrix

— A1 A2 A3

A1 — 1 1.5
A2 1 — 1.25
A3 1.5 1.25 —
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Table 2. Levels of the input and design factors

Factor index Factor description High Low

A Profit (% of unit cost) 75 50
B Holding cost (% of unit cost) 15 10
C α (learning parameter 0.3 0.05

for Q values)
D β (learning parameter 0.3 0.05

for average reward)
E γ (exploration parameter) 0.3 0.05
F θτ (common decay rate 9 × 105 4.5 × 105

for α, β and γ )

the RL algorithm toward the design variables were first as-
sessed using the difference (in percent) between the MAP
result and the corresponding SAP upper bounds as the re-
sponse variable. We used Analysis Of Variance (ANOVA)
and normal probability plots, as applicable, for this purpose.
After identifying the significant variables/interactions, a
regression model was developed which was then opti-
mized to get the best design parameter values for the RL
algorithm.

The factorial experiment was developed using two lev-
els of values for each of the six input and design param-
eters. The input parameters, such as profit per item and
holding cost per item, were expressed in percentages of the
cost per item. Hence, the cost per item was not considered
as a separate factor. The factors (indexed A through F),
their descriptions, and their values at two levels are listed in
Table 2.

A quarter fractional factorial 26−2 experiment was de-
signed with I = ABCD = BCDF as the design genera-
tor. The SAP abstractions of the sixteen test problems were

Table 3. Treatment combinations and corresponding responses

RVI(SAP) RL(MAP)

Treatment Average system Average system Percentage
combination profit 3σ limits profit 3σ limits RVI-RL difference

(1) 35.1798 0.56 34.9582 0.56 0.2216 0.63
ae 55.2584 0.7925 53.7377 0.86 1.5207 2.75
bef 33.5699 0.58 32.9629 0.59 0.607 1.81
abf 53.124 0.84 52.8358 0.83 0.2882 0.54
cef 35.1798 0.56 35.178 0.55 0.0018 0.01
acf 55.2584 0.7925 54.7906 0.78 0.4678 0.85
bc 33.5699 0.58 33.0186 0.61 0.5513 1.64
abce 53.124 0.84 52.288 0.95 0.836 1.57
df 35.1798 0.56 35.0456 0.61 0.1342 0.38
adef 55.2584 0.7925 53.465 0.61 1.7934 3.25
bde 33.5699 0.58 31.8397 0.69 1.7302 5.15
abd 53.124 0.84 51.6047 0.9 1.5193 2.86
cde 35.1798 0.56 35.0132 0.54 0.1666 0.47
acd 55.2584 0.7925 53.635 0.93 1.6234 2.94
bcdf 33.5699 0.58 31.7427 0.43 1.8272 5.44
abcdef 53.124 0.84 53.0318 0.86 0.0922 0.17

solved optimally using the relative value iteration algorithm
(presented in Section 4.2). The MAPs were then solved us-
ing the RL-based methodology (presented in Section 4.3).
The average system profits obtained from the RVI and RL
methods for all sixteen test problems are given in Table 3.
The treatment combinations given in column 1 of the table
is explained as follows: (1) denotes the experiment where all
factors are maintained at low level, ae denotes the experi-
ment where factors A and E are at high level while the rest
of the factors are at their low levels, and so on. Note that
the output of the RL algorithm is a policy. To estimate the
average system profit for a policy, the system is simulated
with the policy. To maintain an equal basis for comparison,
the optimal policies obtained from the RVI algorithm were
also simulated to assess their average profits, in spite of the
fact that the RVI algorithm produces both the optimal pol-
icy and the optimal average profit from the policy. The 3σ

limits given against both the RVI and the RL profits indi-
cate the variability of the average system profit estimates
obtained through simulation. The effects of the factors and
the interactions were calculated using the percent difference
between RVI and RL as the measure. A normal probabil-
ity plot of the main effects and the interactions indicates
that among the interaction effects, AB is the only outly-
ing one and hence, perhaps, significant. An ANOVA was
then performed in which all the main factors and one in-
teraction effect (AB) were examined. Since this is a single
replication experiment, the error estimate was obtained by
pooling the sum of the squares of all interactions other
than AB. The results of the ANOVA, shown in Table 4, in-
dicate that the main factors, such as the profit per item (A),
learning parameter (D) for average profit, and the decay
parameter (F) are significant. The two-level interaction be-
tween profit and holding cost per item (AB) is also shown
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Table 4. ANOVA results for selection of design parameters

Source of Degrees of freedom Sum of squares
variation (df) (SS) SS/df Fo Fc

A 1 0.526 0.526 6.318 5.317
B 1 0.144 0.144 1.729 5.317
C 1 0.315 0.315 3.783 5.317
D 1 1.205 1.205 14.47 5.317
E 1 0.001 0.001 0.012 5.317
F 1 0.546 0.546 6.558 5.317
AB 1 2.94 2.94 35.31 5.317
Error 8 0.666 0.08325

Total 15 6.349

to be significant. A regression model given in Equation (10)
was obtained using all the main factors and the
interaction AB.

Y = 0.836 + 0.1813XA + 0.0951XB − 0.1405XC

+ 0.2745XD + 0.007XE − 0.1848XF − 0.4288XAXB.

(10)

The above regression model resulted in a R2 value of
0.726. This model was then used to obtain values for the
design parameters (C, D, E and F) of the RL algorithm. A
set of four problems were chosen by varying two input pa-
rameters, unit profit (A) and unit holding cost (B), as shown
in Table 5. For each set of input parameters A and B, the
regression model was optimized to get good estimates for
the design parameters for the RL algorithm. The profits for
the policies derived from the RL algorithm using optimized
design parameters are given in Table 5. The corresponding
RVI results are also given in the table. The results produced
by the RL methodology are on average within 0.8% of the
upper bounds given by the RVI results. Note that, in a unco-
operative environment (as in MAP) it would almost never
be possible to achieve the SAP results. Since in a SAP, the
single agent works with complete information and, hence,
can make optimal decisions that maximize the overall sys-
tem profit. In a MAP, agents work with partial information
and are focused on maximizing only the individual profits.
As a result, the system profit obtained in a MAP may suffer.

Table 5. Comparison of system average rewards achieved using RL and RVI algorithms

Percentage of the unit cost RVI(SAP) RL(MAP)

Unit Unit Unit Average Average Difference Percentage
cost profit holding profit 3σ limits profit 3σ limits (RVI-RL) difference

10 50 10 35.1798 0.56 34.9876 0.55 0.1922 0.546
10 50 15 33.5699 0.58 33.0228 0.60 0.547 1.6291
10 75 10 55.2584 0.79 54.79096 0.78 0.467 0.846
10 75 15 53.1240 0.84 53.024 0.87 0.099 0.187

6. Concluding remarks

Stochastic games, although increasingly prevalent in the
current business environment, are among the least under-
stood of the management science related problems. Game
theoretic results for stochastic games are limited and are
practically impossible to implement computationally, even
for small sized problems. As a result, RL has long been
proposed as a cure for this situation. However, to date, RL
applications to game problems have been limited to test
problems, such as two-player zero-sum games, robotic soc-
cer and grid world games. Moreover, to our knowledge,
the average reward criterion has never been tried for multi-
agent problems.

An average reward RL-based solution methodology to
study nonzero-sum stochastic games is developed in this pa-
per. A supply chain inventory planning problem consisting
of multiple retailers and warehouses dealing with a single
product was considered as a test bed for the RL methodol-
ogy. A set of sixteen numerical test problems having three
retailers and no warehouses was solved using the method-
ology. Although the problem used is more realistic and has
a larger state space compared to the problems that were at-
tempted in the game theoretic literature, its size is still rather
small compared to the problems encountered in real life.
The results were compared with realistic upper bounds ob-
tained from the optimal solutions of the corresponding sin-
gle agent problems without competition. The single agent
problems were solved using RVI. The small size of the test
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problems was chosen to limit the computational and model-
ing complexities associated with RVI implementation. The
RL results were found to be on average within 0.8% of
the upper bounds. Although we noticed strong numerical
evidence of convergence for our algorithm, the Robbins-
Monro type stochastic approximation scheme used in our
algorithm has not yet been analyzed analytically to guaran-
tee convergence. We are currently investigating these issues
and some of the results obtained by us so far can be seen in
Li and Das (2003).

We believe that the results obtained from this study will
encourage more research in this area, since there are practi-
cally no computational tools available in the open literature
that can effectively solve nonzero-sum stochastic games.
The numerical problems that we have studied, although
much larger compared to the problems that are found in
game theoretic literature, have limited state spaces. Thus,
we were able to use the look-up table approach for the
reinforcement values during the RL algorithm implemen-
tation. For implementing the algorithm on problems with
large state spaces, a suitable function approximation scheme
must be devised. This would eliminate the need to store the
Q-values explicitly, and can be stored as a function of a
small number of parameters. This can be achieved using
local regression or neural networks. Several schemes have
been proposed in the literature (Bertsekas and Tsitsiklis,
1996; Van Roy, 1998) for function approximation. The se-
lection of the right scheme very often depends on the prob-
lem structure and the nature of the value function which
is rarely known beforehand. Also, since the reinforcement
value function keeps changing its shape during the learning
process, approximating it is a challenging task. The use of
a backpropagation scheme has been widely advocated but
it is well-known that since it depends on gradient-descent,
getting trapped in local optima cannot be ruled out. A num-
ber of schemes have been suggested to overcome this draw-
back and they seem to have produced encouraging results.
Nearest neighbor schemes are an alternative. Another is the
use of regression with a piece-wise linear approximation of
the value function. Using this approach with a neuron in
every piece has been shown to produce good results on a
large-scale implementation of RL on a problem of airline
yield management (Gosavi et al., 2002). A neuron produces
a linear approximation (unlike backpropagation which can
give a non-linear approximation) and its theory is based
on the Widrow-Hoff rule (Ripley, 1996) which has a strong
convergence analysis.
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