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Abstract

We consider a production inventory system that produces a single product type, and inventory
is maintained according to a (S, s) policy. Exogenous demand for the product arrives according
to a random process. Unsatisfied demands are not back ordered. Such a make-to-stock
production inventory policy is found very commonly in discrete part manufacturing industry,

e.g., automotive spare parts manufacturing.

It is assumed that the demand arrival process is Poisson. Also, the unit production time,
the time between failures, and the repair and maintenance times are assumed to have general
probability distributions. We conjecture that, for any such system, the down time due to
failures can be reduced through preventive maintenance resulting in possible increase in the
system performance. We develop a mathematical model of the system, and derive expressions
for several performance measures. One such measure (cost benefit) is used as the basis for
optimal determination of the maintenance parameters. The model application is explained
via detailed study of 21 variants of a numerical example problem. The optimal maintenance
policies (obtained using a numerical search technique) vary widely depending on the problem
parameters. Plots of the cost benefit versus the system characteristic parameters (such as,
demand arrival rate, failure rate, production rate, etc.) reveal the parameter sensitivities.
The results shows that the actual values of the failure and maintenance costs, and their ratio

are significant in determining the sensitivities of the system parameters.



I. Introduction

A discrete part production inventory system is considered in this paper. The system produces
a single product type to satisfy an exogenous demand process. To hedge against the uncer-
tainties in both the production and the demand processes, provision for finished inventory
buffer between the system and the demands is kept. Demands that arrive when the inventory
buffer is empty are not back ordered and are, therefore, lost. (The assumption here is that the

customers are not loyal and thus use alternate manufacturing facilities to meet their needs.)

Apart from the randomness of the production and the demand arrival processes, the factors
that further complicate the system operation are the failure process and the repair process. It
seems logical that some form of preventive maintenance of the system may improve the per-
formance of the production process by avoiding unscheduled and usually long interruptions
caused by the system failures. However, since preventive maintenance also interrupts the pro-
duction process, the important question is: should the system be maintained? If so, how often?
In this paper, we address the issue of determining optimal level of preventive maintenance
that maximizes the system performance. The measure of system performance considered for
optimization is the average cost benefit ($/unit time) due to maintenance, which is a function
of the service level (% of satisfied demands) and other cost parameters of the system. A

schematic diagram depicting a system (as described above) is given in Figure 1.

An alternative popular concept of hardware maintenance is known as reliability centered main-
tenance (RCM). The plans derived from RCM greatly extend the useful life, prevent a decrease
of reliability and /or deterioration of safety, and reduce support cost as well as the life cycle cost
(LCC) (Anderson and Neri [1]). The RCM philosophy considers the following modes of main-
tenance: 1) hard-time replacement (HTR), where components are replaced after fixed time
intervals, 2) on-condition maintenance (OCM), where maintenance plans are made based on
periodic inspections and evaluations, and 3) condition monitoring (CM), where the hardware

condition is monitored continuously through instrumentation.



In recent years, condition monitoring (CM) based preventive maintenance strategy has gained
widespread acceptance. A survey of industrial plants employing more than 100 workers (Young
[2]) showed that 80.1% had a proactive or predictive maintenance program in place. These
programs employed lubricant analysis (78.9%), vibration monitoring (78.3%), infrared ther-
mography (65.2%), ultrasonic monitoring (54.3%), wear particle analysis (43.1%), and other
technologies (1.2%). As the number of usable technologies for CM increase, the need for an
effective way to integrate them becomes increasingly important. Researchers in this field are
working toward matching the technologies to the common modes of failures, and develop-
ing optimal combinations (packages) of CM technologies for different industrial preventive

maintenance applications (PAMA Corp. [3], [4], Nicholas [5]).

In developing CM based preventive maintenance policies, besides new technology development
for condition monitoring, attention should also be paid to characterizing the ralationships
betwen the conditions and equipment failure, and also correlations, if any, among the various
conditions. Moreover, the existing CM based maintenance policies can be further improved
when they are developed in consideration with the system conditions (not just the machine
conditions). For example, certain machine conditions, which are not significant enough in
themselves to warrant a maintenance, when considered in conjunction with other system
conditions (such as, high inventory status, availability of the maintenance crew, etc.), may

need a preventive maintenance.

The preventive maintenance model for a production inventory system, as developed in this
paper, uses information on the system conditions (such as, finished product demand, inventory
position, and the costs of repair and maintenance), and a continuous probability distribution
characterizing the machine failure process. For some machines, it may not be possible (with
existing technologies) to effectively monitor their conditions for predicting failure. In such a
case, using probability distribution to characterize the failure process is, perhaps, the only
alternative. When it is possible to monitor, substituting the machine failure distribution with

the observed machine conditions (e.g., vibration, wear, lubricant quality, etc.), our model
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can be expanded to include CM at the cost of increased computational complexity. However,
with the emergence of simulation based stochastic approximation approaches, such as learning
automata (Wheeler and Narendra [6]), and reinforcement learning (Das et al. [7]), it seems

possible that the issue of increased computational complexity can be effectively addressed.

Make-to-stock type production inventory systems are found very commonly in discrete part
manufacturing systems, e.g., automotive spare parts manufacturing. The specific characteris-
tics of the system that are considered here are as follows. The time required for manufacture
of each part (M) is a random variable having general probability distribution. The unit de-
mand arrival process is Poisson. The buffer inventory is maintained according to a (S, s)
policy; according to which the system stops production when the buffer inventory reaches S
(such a period of inaction is often referred to as server vacation in queuing literature), and
the production resumes when the inventory drops to s. The system is prone to failures, where
the time between failures (7°) and time to repair (R) are random variables having general
probability distributions. During its vacation, the system stays in cold standby mode and
does not age or fail. Thus, the system’s vacation is terminated only by drop in inventory to
level s. Preventive maintenance decisions are made only at the completion epoch of a part,
and they depend on both the current inventory level and the production count (number of
parts made by the system since the last repair/maintenance). We also consider that the time
required for maintenance is a generally distributed random variable, and a maintained system

is as good as a repaired one.

Note that, the consideration of the demand arrival process as a Poisson process is a modeling
necessity. This helps to preserve the semi-Markov structure of the system without the need
to expand the system state space to infinity. However, when the demand arrivals take place

from large customer base, the Poisson assumption can be technically justified.

There are relatively few papers in the current literature that consider the reliability aspect

of production inventory systems. These papers can be classified into two groups depending
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Figure 1: A single product production-inventory system with exogenous demand

on the type of systems considered: 1) continuous production systems, and 2) discrete part
production systems. We first review the papers that deal with continuous production. Meyer,
Rothkopf and Smith [8] considered a system with constant demand rate, random failure and
repair processes, limited inventory, and no back ordering. A similar model was considered by
Parthasarathy and Shafarali [9]. Posner and Berg [10] considered an unreliable production
facility for which they obtained the steady-state distribution of inventory level, which was then
used to compute the system service level. Berg, Posner, and Zhao [11] considered a system
having multiple machines each of which produce (continuously and uniformly over time at a
fixed rate) the same type of item. They used the level-crossing analysis technique to compute
system performance measures such as production rate, machine utilization, and fraction of

demand satisfied.

Shafarali [12] presents an excellent treatment of a single machine discrete part production in-
ventory system. The system considered in Shafarali’s work is somewhat similar to ours except
that it assumes exponential distributions for the production time and time between failures,

and does not consider preventive maintenance. Hsu and Tapiero [13] analyzed a M/G/1
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queue type job shop as a renewal process where jobs arrive according to a Poisson process
and the service time has general probability distribution. They considered finding the optimal
preventive maintenance interval n (number of items produced between a maintenance/repair
and the subsequent maintenance) that minimizes the average cost (of maintenance, additional
waiting, and lost capacity). Hsu and Tapiero implemented their results on a M/M/1 type
numerical example problem. We also note here that a broad class of systems studied in the
literature under the purview of single server queues with homogeneous customer (e.g., Morese
[14], Prabhu [15], Yao and Buzacott [16], to name a few) are analogous to the job shop type
production system studied in Hsu and Taipero [13]. We conclude from our review of literature
that, the consideration of preventive maintenance on a discrete production inventory system,

as presented in our paper, is new.

In this paper we develop a semi-regenerative model for the proposed production inventory
system with preventive maintenance. The model is developed through characterization of the
stochastic processes that underlie the system. Using the properties of the probability structure
of these stochastic processes, the desired measures of system performances are developed. Such
performance measures are used as basis to optimally determine the maintenance criteria, which
can be stated as: if the current inventory is i and the production count (number of products

made since the last repair/maintenance) is at least N;, then maintain the machine.

The remainder of this article is organized as follows. In Section 2 we outline the probability
model. Using the properties of the probability model, we develop expressions for the measures
of system performance in Section 3. A numerical example is analyzed in detail in Section 4.
Some algebraic details of the example problem are placed in the Appendix. Concluding

remarks are placed in Section 5.

II. Mathematical Model



We first identify the stochastic processes that account for all the random events, namely,
production, demand arrival, vacation, failure, repair, and preventive maintenance. We obtain
a probability structure on those stochastic processes which are then exploited to obtain system

performance measures.

Let the system state be denoted by a 3-tuple (w, i, c) where w indicates the system status, i
indicates the inventory status, and c indicates the production count since the last repair or
preventive maintenance. The system state space, denoted by F, is given as F = Z%gzo N; +
2(S + 1), since w = {0,1,2} (where 0= working; 1= preventive maintenance; 2= repair),

0<i<S,and0<c<N,.

We note that the system state changes at those time epochs when any of the following events
occur: production completion, demand arrival, system failure (with which the start of repair
coincides), repair completion, and maintenance completion (maintenance always begins at
a production completion epoch). The start of production epochs always coincide with the
other epochs mentioned above. We shall refer to these epochs as system state change epochs.

Between two such consecutive epochs the system state remains the same.

Let X, denote the system state immediately following Tk, the time of the k™ system state
change, where k € N with N denoting the set of positive integers. Also, let Y; denote the
system state at any time ¢, and R* denotes the positive real line. Define ) = {¥; : ¢t € R"},

where for almost all realizations ¢ of Y, Y;(¢) = X(#), whenever Ty(¢) < t < Tp11(9).

Now consider the set, H, of epochs corresponding to the beginning and completion of produc-
tion, repair, and maintenance activities of the system (H is a subset of the system state change
epochs described before). Let T, be the time of the m** epoch of H, where m € N, and the sys-
tem state immediately following 7}, is X,,,. Define X = {X,, :m e N}, T={T,,: m € N'}.

Then we have (X, T) = {(X,,, Tn) : m € N'}. We observe that the processes (X, T), X, and



Y have certain useful properties when the following conditions are satisfied:
P{Xm+1 = j|X07 T, Xm; T(), T 7Tm: Tm+1} = P{Xm+1 = ]‘Xma Tm+1 - Tm}v (1)
and

P{Tpi1 — T < t|Xo, -, X; To, -+, T} = P{Tri1 — Trn < t| X }- (2)

The properties are: (1) (X, T) is Markov renewal on F x R*; (2) X forms a Markov chain on
E, and (3) if sup,{T,, : m € N'} = oo almost surely, ) is semi-regenerative on E. The proofs
of these results follow easily from similar arguments used (in a different context) by Das and
Wortman [17]. The elements of the semi-Markov kernel Q = {Q(4, j,t) : i,j € E;t € Rt} of

(X, T) are obtained from the following expression using the conditions (1) and (2).
QUijt) = Jo P{Xmi1 = jlXm =i, (Tns1 = Tn) = u} 3
dP{T+1 — T < ul X, = i}.
Using (3) we obtain the one step transition probability matrix P of the Markov chain X as
P = {P(i,j): P(i,j) = lim Q(i,j,1)}.

Note that the conditions (1) and (2) on which the above mentioned properties 1, 2, and 3

depend, always hold for the type of systems considered here.

III. System Performance Measures

In what follows, we expose the computational formulae for various performance measures of
the production inventory system, such as (1) service level of the product, (2) average level of

inventory in the system, (3) system productivity, and 4) a cost based measure (defined later).

Define ®;, for j € E, as the limiting probability of the system being in state j at any time ¢,
i.e.,

©; = lim P{Y, = j} (4)
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It follows from the stationary behavior of the semi-regenerative processes (Cinlar [18]) that

the limiting relationship in (4) can be written as

1 [ee)
B; = —— W(Z)/ PLY, = jIT. > t, Xo = N P{Ty > t|X, = (}dt (5)
T IeE 0

where, m = {7 (j) : j € E} is the stationary probability distribution on the Markov chain X,
and ¥ = {¢(j);j € E} is the vector of the mean sojourn time of the (X, T) process with
¥(j) = E[T1|Xo = j]- (E[] denotes an expected value.)

A. Service level

Service level (©) is defined as the average percentage of the demands that are satisfied by the
production inventory process (recall that, since back ordering is not allowed, the unsatisfied
demands leave the system). Let A; C E, for i € S, denote the subset of the system states
having inventory status ¢, such that UA; = E. Then we have that

JjE€Ao
B. Average Inventory Level

The average inventory level in the system () is given by

Q=4Y 9 (7)

1€ES jJEA;
C. System Productivity

We define the productivity of the system (I') as the percentage of time the system is producing
(i.e., the system is not in repair, maintenance, or vacation). Define a subset B C F such that
B = {(w,i,¢) : w=0,i < S}. We have that
r=3 o ®)
j€B
In a similar manner as above, we can also obtain the percentages of time the system is under

repair, under maintenance, and on vacation.



D. Cost Model

Let G denote the net cost benefit (in dollars per unit time) due to implementation of a
preventive maintenance policy. Considering only the cost elements that are directly related

to the maintenance policy, we define G as:

G = additional revenue per unit time from increased service level(R;)+
savings in repair cost per unit time(S,)— 9)
cost of maintenance per unit time(M,)

The additional revenue per unit time (R;) may be construed as, for example, the additional
receipt due to higher demand service level minus the additional cost of demand service calcu-
lated on a per unit time basis. Any maintenance policy will essentially reduce the number of
repairs performed on the system per unit time resulting in repair cost saving. (Note here that
repair cost saving implies only the cost savings of labor and supplies. Reduction in system
down-time due to reduced failures is reflected in the service level.) The cost of maintenance,

thus, should also include only the labor and supplies.

To develop expressions for R, S, and M., we adopt the following notation.

e O, (0y,): Service level without (with) preventive maintenance

e c4: Net receipt minus the cost per unit additional demand serviced

e ~v: Demand arrival rate

e c.: Cost per repair

e ¢,,: Cost per maintenance

e E[T]: Mean time between failures (hence, repairs) without maintenance
e E[T,]: Mean time between repairs with maintenance

e E[R]: Mean time needed for each repair
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e E[T,]: Mean time between maintenance

e F[K]: Mean time needed for each maintenance

Let E,, C E (E, C E) denote the subset of the system state space indicating that the system
is under maintenance (repair). Clearly, E,, = {(1,-,-)} and E, = {(2,-,)}. Also let F(a,b)
denote the mean first passage transition time of the Markov renewal process (X, T) from state

a € F to state b € E. Then we have that,

O, F(j, Em)
E[T,)= Yy o) (10)
GE€EEm EiEEm (I)i
where, for j € F,,, we have that
F(j,En) = Y. P(j,k)F(k, En) + ¥(j) (11)
kg Em
In a similar manner as above, we can write the following.
d,F(j,F
E[T,] = Z M (12)
jEE, Yier, Pi
where, for 7 € F,, we have that
F(j,E:) = )_ P(j,k)F(k, E;) + ¥(j) (13)
kgE,
We then obtain the components of the cost benefit (G) as follows.
R; = veq (0, — Ou) (14)
1 1
c
M, = = 1
“= B[T.) (16)

We also note that the quantity ﬁ gives the cost benefit as percentage of the profit derived

from the system without maintenance.

IV. Optimal Maintenance Policy Selection
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The selection of the optimal maintenance policy {V; : 0 < ¢ < S} can be accomplished by

solving the following optimization model.

Mazxzimize G

Subject to N; > 0, for all 0 <7< S.

For not having a closed form expression for the objective function G, we have used numerical

techniques in solving the optimization model for the example problems.

V. Numerical Example Problem

We consider a fairly general example problem as a vehicle for providing further details on the
solution procedure. Also presented are numerical results that provide further insight to the
problem. The characteristics of the example problem are given next. We note that the choices
of the types of probability distributions for the example problem (except for demand arrival,
which is Poisson) are somewhat arbitrary and do not imply any limitations of the modeling
process. The choice of gamma distribution, in particular, is motivated by: 1) the fact that
by varying its parameters it can be made to describe a wide variety of data distributions,
and 2) its property that sum of gamma is gamma, which provides a unique computational

convenience.

Demand arrival process is Poisson ( ).

e Production time ( ) for each product has a amma ( , ) distribution.
e Time to system failure ( ) has a amma ( , ) distribution.
e Time required for preventive maintenance () has a niform (a, b) distribution.

e Time required for system repair ( ) has a amma (r, ) distribution.
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