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Abstract

The airline industry strives to maximize the revenue obtained from the sale of tick-
ets on every flight. This is referred to as revenue management and it forms a crucial
aspect of airline logistics. Ticket pricing, seat or discount allocation, and overbooking
are some of the important aspects of a revenue management problem. Though ticket
pricing is usually heavily influenced by factors beyond the control of an airline com-
pany, significant amount of control can be exercised over the seat allocation and the
overbooking aspects. A realistic model for a single leg of a flight should consider mul-
tiple fare classes, overbooking of the flight, concurrent demand arrivals of passengers
from the different fare classes, and class-dependent, random cancellations. Accom-
modating all these factors in one optimization model is a challenging task because
that makes it a very large-scale stochastic optimization problem. Almost all papers
in the existing literature either accommodate only a subset of these factors or use a
discrete approximation in order to make the model tractable. We consider all these
factors and cast the single leg problem as a Semi-Markov decision problem (SMDP)
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under the average reward optimizing criterion over an infinite time horizon. We solve
it using a stochastic optimization technique called Reinforcement Learning. Not only
is Reinforcement Learning able to scale up to a huge state-space but because it is
simulation-based it can also handle complex modeling assumptions such as the ones
mentioned above. The state space of the numerical test problem scenarios considered
here is non-denumerable; its countablepart being of the order of 10°. Our solution pro-
cedure involves a multi-step extension of the SMART algorithm which is based on the
one-step Bellman equation. Numerical results presented here show that our approach
is able to outperform a heuristic, namely the nested version of the EMSR heuristic,
which is widely used in the airline industry. We also present a detailed study of the
sensitivity of some modeling parameters via a full factorial experiment.

1 Introduction

The deregulation of the airline industry in 1978 allowed airlines to choose their own routes
and set their own fares. Fierce competition ensued in the airline industry as a result. Natu-
rally, every airline started making efforts towards gaining a competitive edge in the market.
An outcome of this was that airlines turned to advanced optimization techniques for man-

agement of airline operations.

An important goal of the airline industry is that of maximizing the revenue obtained from the
sale of tickets on any given flight. This is referred to in the literature as revenue management
or yield management. It forms a crucial aspect of airline logistics. According to a report
from SIAM news [12]: “Yield management ... saved American Airlines $1.4 billion in the
period from 1989 to 1992, about 50% more than its net profit of $892 million for the same

period. Modeling and optimization made the difference between profit and loss.”

Ticket pricing, seat or discount allocation, and overbooking are some of the important aspects
of the revenue management problem. Although ticket pricing is usually heavily influenced
by external factors such as prices set by the competitors, airlines can exercise significant
control over the seat allocation and the overbooking aspects. In the rest of the paper, the

term revenue management would be used as a synonym for seat allocation and overbooking.



The seat allocation problem arises from the airlines’ practice of selling seats within the same
cabin of a flight at different prices to the customers of different fare classes. Airlines protect
some seats from the lower revenue fare classes in order to be able to satisfy demands from the

higher revenue classes; the obvious question here is what is the optimal level of protection?

The overbooking problem arises from the fact that customers do cancel their tickets and
often fail to show up at the flight time (no-shows). Airlines tend to overbook in anticipation
of such cancellations and no-shows to avoid flying with empty seats. (A seat in an airplane
is a perishable inventory the value of which vanishes as soon as the gate closes for a flight.)
However, overbooking has its downside in that airlines run the risk of not having enough
seats for all the ticket-holders. When such a situation arises, airlines are forced to deny
(bump) boarding request to the extra ticket-holders and pay a penalty in two ways: directly
in the form of financial compensations to the bumped passengers, and indirectly through the
loss of customer goodwill. Hence, a prudent choice of the overbooking policy that maximizes

the revenue is called for.

Fare classification is made on the basis of several factors. An important factor used in
classification is the time of request for reservation. Passengers who book in advance (2
weeks as per current practice) get allocated to lower fare-classes and those who come later
qualify for higher fares. Another important factor used in classification is the itinerary
of a passenger. To see how an origin-and-destination based (itinerary-based) passenger
classification works, consider a single flight leg from Detroit to New York. The flight in
addition to carrying passengers, whose origin is Detroit and destination New York, is likely
to be carrying passengers from other longer itineraries, such as Tampa-Atlanta-Detroit-New
York, Dallas-Detroit-New York, and Phoenix-Atlanta-Detroit-New York. If the passengers
whose itinerary originates from Detroit form the highest class, those flying from Dallas (or
Atlanta) to New York via Detroit form the middle class, and those flying from Tampa (or

Phoenix) to New York via Atlanta and Detroit (and are on the third leg of their itinerary)



form the lowest fare class of passengers in the plane. See also Figure 1, which shows how
the class of the passenger can depend on the itinerary. A circle, in Figure 1, represents the

origin and the symbol inside it indicates the class of the passenger originating at that point.

consideration

HC: Highest Class
MC: Medium Class
LC: Lowest Class W_u.‘

Figure 1: A schematic showing classification of customers based on the origin (circle) and
the destination in one particular leg of an airline flight

A method used commonly by the present day airline companies in developing fare classes
is as follows. A single flight leg often belongs to tens of different itineraries (also referred
to as products). Hence the first classification arises from the product type to which the
flight leg belongs to. Again, each product can have several (up to 15 or so) price categories
based on the time of request, travel restrictions, etc. As a result there are usually hundreds
(#of products x # of price categories) of different fare categories. These fare categories are
then divided into a manageable number of groups, known as ‘buckets.” In this paper, the
terminology ‘fare classes’ actually refers to the buckets. We do not concern ourselves with

how airlines define their fare classes because the model presented in our paper is independent
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of the method of fare classification.

The rest of this section is divided into three subsections; the first deals with the need for
using Reinforcement Learning in solving the revenue management problem, the second one

discusses the literature review and the third describes how the rest of this paper is organized.

1.1 The Need for the use of Reinforcement Learning

The problem examined in this paper is a combined problem of seat allocation and overbook-
ing having the following features: a single flight leg with multiple fare classes, concurrent and
random demand arrivals from the different fare classes, class-dependent and random can-
cellations. Accommodating all these features is computationally challenging because that
makes it a large-scale and complex stochastic optimization (stochastic dynamic program-

ming) problem.

Most models in the existing literature accommodate only a subset of these features to make
the model tractable. But, because of the significance of RM in airline operations, there is
a need for an approach that takes all these factors into account and generates optimal or
near-optimal results. According to a recent review paper on revenue management written
by McGill and van Ryzin [20]: “Recently developed approximation methods (Reinforcement
Learning) for dynamic programming and stochastic programming may be useful in revenue
management. Good references for these approximation methods are the books by Bertsekas
and Tsitsiklis [5]...” The research presented in this paper accounts for all the factors men-
tioned above, and uses an approximate continuous time stochastic dynamic programming

approach as the solution approach.



1.2 Literature Review

The revenue management problem was identified as the hottest area of new research in
traffic management by Chatwin [8]. Smith et al. [25] have estimated that effective revenue
management can save airlines hundreds of millions of dollars each year. A large number of

researchers have worked on this problem in the last two or three decades.

A pioneering paper related to this problem is Belobaba [4]. He used a generalized (multi-
period) version of Littlewood’s [18] equation to obtain allocations for more than two fare
classes. Belobaba’s method, named the EMSR (Expected Marginal Seat Revenue) model,
results in allocating a fixed quantity of seats to each fare class. Brumelle and McGill [7] stud-
ied the same problem. They assumed that seats are booked in a so-called “nested” fashion
and that lower fare classes booked before higher ones. Brumelle and McGill [7], Curry [9],
and Wollmer [34] independently reported the non-optimality of the EMSR model developed
by Belobaba for all fare classes. van Ryzin and McGill [31] considered the airline revenue
management problem without cancellations and no-shows and they assumed that lower fare
classes book strictly before higher ones. They proposed a simple adaptive approach which

solves Littlewood’s equation using a Robbins-Monro stochastic approximation scheme.

Glover et al [13], Curry [9], and Talluri and van Ryzin [29] have considered the network version
of the problem in which booking is done on the basis of not just the events occurring in the
leg of interest but in the entire network. The latter is known as the network effect. Some
airlines have started to take into account network effects in managing their booking policies.
Our paper concentrates on the single leg version of the problem but partially accommodates
the network effect via the method of fare class classification. Itinerary based classification to
some extent takes into account the network aspect of the problem. This is because then the
fare class depends on the itinerary which is spread across the entire network. Robinson [23]
stressed on the need for considering concurrent arrivals of fare classes, since many existing

modeling approaches consider that the fare classes arrive sequentially (lower classes first and

6



so on). The concurrent arrival model also allows one to incorporate the network effect to

some extent into the model.

Some researchers have used Markov decision models in solving this problem. Howard [17]
(see page 976 onwards) set up the airline overbooking problem for a single fare class as a
Markov decision problem. Howard proposed the use of the value iteration method to obtain
the optimal policy for the problem of overbooking. However, only very small problems can
be solved with this approach because of the computational limitations of value iteration.
Another recent work that models this problem as an MDP is Subramaniam et al. [26]. In
this work the booking time horizon is divided into a finite number of decision periods, where
each period has specified probabilities for events such as demand arrivals, cancellations, and
null event. It also assumes that only one of the above events can occur in a decision period.

For this set up, they develop backward recursion DP equations.

The literature review presented above is a small subset of the actual existing literature.

Please refer to McGill and van Ryzin [20] for a more detailed account.

1.3 Contributions of this paper and organization

To the best of our knowledge, this is the first paper that uses Reinforcement Learning as
a method for solving the revenue management problem. Our work considers the single leg
revenue management problem in its most comprehensive form, models the problem as a con-
tinuous time semi-Markov decision process with random demand arrivals and cancellations,
and uses RL as a tool for solution. We have shown that the nested EMSR model, which
is widely used in the industry [12], can be outperformed using our reinforcement learning
model. Some of the work presented in this paper has appeared in the Master’s thesis of

Bandla [2].

The rest of this paper is organized as follows. In Section 2, we give a formal description



of the problem and its semi-Markov model. In Section 3, we discuss the methods that can
be used to solve an SMDP. In Section 4, we present a new RL algorithm named A-SMART
that we have used in solving the underlying SMDP of the revenue management problem.
In Section 5, we describe the sample problems we have used for testing the efficacy of A-
SMART. We also discuss how this algorithm is implemented on the problem using a neural
network. Section 5 also contains an account of the nested EMSR model. Section 5 ends
with results from the sample problems studied and some discussion on the results obtained.
Section 6 shows the results of a sensitivity analysis carried out on some of the key modeling
parameters. Section 7 contains some concluding remarks and an account of the possible

future work in this area.

2 Problem Description

The flight considered in this paper is a single leg of a complete origin-and-destination
itinerary. It is assumed that there are multiple types of customers who request reservations
for the seats available in the coach cabin of the aircraft serving the flight leg. Whenever
a customer requests a reservation, the airline needs to make a decision whether to accept
or deny the request. The requests for tickets of different fare classes are assumed to arrive
according to independent Poisson processes. Passengers of different fare classes cancel their
reservations with fixed probabilities. Hence, the number of cancellations in a period follow
the binomial probability law. Chatwin [8] cites two studies that have confirmed the appro-
priateness of this assumption through case studies: Martinez and Sanchez [19] for Iberia
Airlines, and Thompson [30] for Tasman Empire Airways. The time of cancellation is uni-
formly distributed between the time of purchase and flight take-off. If a passenger with a
confirmed ticket is not allowed to board the flight due to overbooking, the airline incurs
a financial and goodwill cost (bumping cost). Our goal is to develop a strategy for seat

allocation and overbooking so as to maximize the average revenue earned by the airline per



unit time. In the following section, we present an SMDP model for the problem.

2.1 SMDP Model

In order to model the revenue management problem as a semi-Markov decision problem
(SMDP), we first define the system state-space. For n fare classes, the system state (¢) can

be denoted by the vector

¢ = (C, 81,525 ---e5 Spy {1/111 7/’25 teey ,l/}na t)a

where ¢ represents the class of the most recent customer (among n possible classes) seeking
a ticket, si, o, ..., S, represent the number of seats sold in n classes, ¥, for k € {1,2,...,n},
is a vector of size s, containing the times of arrivals of all the customers with a class £ ticket,
and t represents the time remaining to departure of the flight. The cardinality of the finite
part of the state space can be shown to have an upper bound of n x M™, where M is the
maximum number of customers in any given class with tickets for the plane. Note that for all
practical purposes, M could be equal to the total coach cabin capacity plus the overbooking

amount.

Clearly, a change in the system state is caused by any one of the following three events: 1)
a new customer arrives to the system requesting a ticket, 2) a cancellation occurs and 3)
the flight departs. Whenever a customer places a request for a seat, a decision needs to be
made regarding whether to accept or deny the request. Hence, the time epochs of customer

request arrivals form the so-called decision-making epochs.

Let X, and T,, denote the system state and time respectively at the mth decision-making
epoch. We define two stochastic processes: X = {X,, :m € N} and T = {T,,, : m € N}
where N is the set of natural numbers. We also define a joint process (X,T) = {(Xpm, Trn) :

m € N'}. Assuming that the demand arrival processes for the fare classes are Poisson with



class dependent parameters, it can be easily shown that

Pl X1 =4, Tons1 — T <=t/ X0, oo, Xin; T, -, Tin] = Pl Xims1 = J, Tns1 —Ton <= t| X, Tl

(1)
which means that the process (X,T') is a Markov renewal process. Then the decision pro-
cess associated with (X,7) is a semi-Markov decision process, and X is a Markov chain
underlying the Markov renewal process. Since the customer arrivals originate from a very
large population size, it is justified to assume that the arrival distributions are Poisson. It
is also for the vastness of the population base that we assume that the class dependent
rates do not change with the number of seats booked. (We note, however, that since the RL

implementation uses a simulation model, changing arrival rates would be easy to implement.)

The process that tracks every state change (including customer request, cancellation, and
flight departure) is referred to as the natural process, and the process embedded at the
decision-making epochs (customer request arrivals) is referred to as the decision process.
Between two successive decision-making epochs, it is possible that several cancellations take
place causing many changes in the system state, changes that are tracked only in the natural
process. In the rest of this paper, a decision-making state will be referred to as state. The
action space, which is common to all the decision-making states is, A = {accept,deny}. It
may be noted that the decision-maker can address both the seat-allocation problem and the
overbooking aspects of the revenue management problem by selecting a policy vector () of
size equal to that of the state-space containing either the “accept” or the “deny” decision

for every state visited by the system.

Since our objective is to derive an optimal policy for the general revenue management prob-
lem, it is necessary to define a performance metric for optimization. The metric used in this
paper is average reward. We first present a motivation for use of this metric and then give a
definition for it. The average reward problem can be shown to be equivalent to the shortest

stochastic path problem (see Bertsekas [6] (see pages 185-186 of Vol II). In the latter prob-
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lem, the objective function used is the expected total reward earned in a finite horizon. This
objective function makes sense in the real world as it is precisely what the airlines seek to
optimize. The equivalence of the two objective functions implies that the policy that maxi-
mizes the total expected reward earned in a trajectory is identical to the one that maximizes
the average reward. We have used the average reward performance metric because of the
favorable numerical properties of average reward RL algorithms observed in the empirical
work that exists in the literature. Use of RL algorithms based on shortest stochastic path
is a topic that is well worth pursuing. We, next, present a mathematical definition of the

average reward performance metric.

Let S and A denote the set of decision-making states and the set of actions respectively. Let
A; denote the set of actions that may be taken in state i € S. Also let r(3,a,j) (for i € S
and a € A;) denote the immediate reward gained when in the decision-making state i action
a is chosen and the next decision-making state encountered by the system is j. Let ¢(4, a, j)
denote the time spent in this transition from state 7 to state j as a result of adopting action
a in state . Then the average reward of an SMDP starting at state ¢ and continuing with

policy 7 for an infinite time period can be given as

B[Sl (o, (), wpg) |21 = ] @)
Nooo B[tk m(k), Tg) o1 = 0]

where zj is the system state at the kth decision maing epoch, 7(zy) is the action taken

in state zy when policy 7 is followed, and E™[.|z; = i] denotes the expectation operator

under policy m when the initial state is 7. If the Markov chain X has a unichain transition

probability matrix (see [21] for a detailed analysis and a definition of a unichain transition

probability matrix), the expected average cost does not vary with the initial state for any

stationary policy.
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3 Solving SMDPs

In this section, we discuss how Reinforcement Learning (RL) as a methodology has emerged
from the dynamic programming framework. The theory of dynamic programming (see Put-
erman’s textbook [21] for an in-depth discussion) forms a convergent framework that may

be used to solve SMDPs.

3.1 Dynamic Programming

Dynamic programming (DP) was developed by Bellman [3] to solve MDPs and SMDPs.
Howard [16] first showed how the optimal policy for an SMDP may be obtained by iteratively
solving a linear system of equations. The unknowns in this linear system are the elements of
the so-called wvalue function; one element is associated with each state of the SMDP. There
are several well known DP algorithms, such as policy iteration, value iteration, and linear
programming that find optimal solutions. But a drawback of these methods is that they
require the calculation of the one-step transition probability matrices, the reward matrices,
and the sojourn time matrices. The computation and storage of these matrices for problems
with a very large state space can become almost impossible. Hence obtaining an optimal
solution, using DP algorithms, is often quite difficult and for solving large-scale stochastic
dynamic programs, one has to turn to other methods such as reinforcement learning and

learning automata (Wheeler and Narendra [33]).

3.2 Reinforcement Learning

In recent years, RL has attracted considerable research attention. It is a simulation-based
method, rooted in the Bellman equation, which combines the principles of stochastic approxi-
mation (e.g. Robbins-Monro method [22]) and function approximation (e.g. neural networks

and regression). Textbook treatment of this topic can be found in Sutton and Barto [27]

12



and Bertsekas and Tsitsiklis [5]. Convergent algorithms (see Watkins [32], Abounadi [1],
and Gosavi [14]) based on this method have been shown to obtain near-optimal policies on

Markovian problems with a considerable reduction in computational effort.

Reinforcement learning has two distinct advantages over DP. The first advantage is that it
can handle problems with complex transition mechanisms by making judicious use of the
Robbins-Monro stochastic approximation algorithm thereby eliminating the need to compute
or store the transition probabilities. Secondly, RL can integrate within it various function
approximation methods (regression, neural networks, etc.), which can be used to approximate
the value function even when the size of the state-space is gargantuan. ()-Learning is an RL
algorithm based on value iteration and the Robbins-Monro stochastic approximation scheme.

We next discuss some transformations related to ()-Learning..
3.2.1 (@-Learning

(-Learning is a value iteration based RL method that solves the Bellman equation iteratively
in an asynchronous style to obtain the optimal value function and the optimal policy. The
strategy adopted in ()-Learning is to obtain the values of the so-called ()-factors - one for
each state-action pair. ()-Learning is guaranteed, under certain conditions, to produce the
optimal policy in the discounted reward problem if all the state-action pairs in the problem

are tried infinitely often [5].

The action that has the highest Q)-factor for a state constitutes the optimal action for it.
The optimal Q-factor - Q(7, a) for a pair (i,a) with ¢ € S and a € A; is defined as follows,
Q(i,a) = Y_pli,a,j)[r(i,a,j) — pt(i,a, j) + B*(5)], (3)
j€S
where 7(i,a,7) and t(i, a,j) are as defined before and p is the optimal average reward and
R*(j) is the value function of dynamic programming for state j. The Bellman equation,

which gives a recursive definition for the value function for any state 7, in case of SMDPs is

13



given as follows [21]:

R (i) = max 3" pli, a, j)[r (5, ,§) — pt(i, a, j) + B*(5)] (4)

eedi S5

From the equations (3) and (4), one has that

R*(i) = max Q(i,a), (5)

a€A;

Using equation (5), equation (3) can be written as:

Qi,a) «+ > p(i,a,5)r(, a,j) — pt(i,a,j) + max Qj,b)] Vi (6)

JjES J

Equation (6) forms the crucial transformation in any @-learning algorithm. Its step-size

version (also known as a relazed version), is used more commonly in reinforcement learning.
For a step-size v where v € (0, 1], the step-size version is given as follows.

QUi,0) « Q(i,0) +7 Y. plisa, )i ) = pt(i,a,9) + max Qi) ~ Qlisa)) V(i) (7

Jj€ES J

The transformation in equation (7) may be viewed as a Robbins-Monro [22] stochastic ap-

proximation scheme, which is used to approximate a random variable with methods such

as simulation. Use of a proper step size makes it possible for us to replace the expectation

(over j) by a single sample of the term within the square brackets in equation (7). Hence

equation (7) may be written as:

Q(i’a) — Q(i’a) +’Y[T(i’a’j) - pt(iaaaj) +%%§Q(]a b) - Q(Zaa)] V(i,a). (8)

The samples are generated through simulation. We next discuss another concept which is

central to the technique of RL.
3.2.2 Temporal Differences

Equation (8) can be rewritten as follows:

Qi,a) + Q(i,a) ++[T'D], 9)
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where

TD = [T(i1 a7j) - pt(la a’aj) + gé%}](Q(]a b) - Q(Z’ CI,)] (10)

The term TD stands for the temporal difference for Q(i,a). This concept is due to Sutton
[28]. The term TD in equation (10) denotes the difference between the simulation estimate
(explained below) of Q(i,a) and its current estimate. The simulation estimate of Q(i,a)
which is given by {r(i,a,j) — pt(i,a,j) + maxyea; Q(4,b)} is a function of the immediate

reward in one transition of the SMDP; (i, a) denotes the current estimate.

The temporal difference can also be calculated as a function of all the immediate rewards
earned in the trajectory (see pg 387 of [5]). The algorithm presented in this paper seeks to

replace T'D, as given in (10), by the sum of rewards earned in an infinitely long trajectory.

As mentioned in Section 2.1, the infinite horizon average reward SMDP with a recurrent
class of states has a connection with the shortest stochastic path problem (SSPP) [5]. An
SSPP contains a termination state which is an absorbing state in which no reward is earned.
The sequence of the states visited over an infinite time horizon, in an average reward SMDP,
which has a recurrent state s, can be divided into cycles marked by the successive visits to
the recurrent state. Each of these cycles starts and ends at the recurrent state s. Therefore
each of the cycles can be viewed as an individual SSPP, whose termination state is s. Thus
the average reward scenario can be viewed as a sequence of SSPPs. Then the sum of rewards
earned in an infinitely long trajectory may be calculated by the sum of the rewards earned
in the finite number of states in a trajectory of the underlying SSPP plus the value function

of the recurrent state, which can be viewed as the termination state of the SSPP.

4 M-SMART Algorithm

The temporal difference function is usually denoted by TD()X) where A is a weighing factor

that weighs immediate rewards further in time by increasing powers of A\. The sum of the
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temporal differences in an infinite trajectory, denoted by TD()), can be expressed as:

TD()\) = i N7 D, (11)

m=k

where T'D,,, denotes the temporal difference at the mth transition and A takes a value between
0 and 1. (It is assumed in the above equation that 0° = 1.) For the average reward SMDP,
the temporal differences are calculated as discussed above. Using this concept, we derive
an algorithm that we have named \-SMART, the details of which will be presented in the
next Section. SMART is an acronym for Semi-Markov Average Reward Technique and the
prefix A stands for TD(A). SMART is a one-step temporal difference algorithm (see Das et
al. [11]).

The A-SMART algorithm sums the temporal differences over the entire trajectory as defined
above. By varying the values of A, a whole family of algorithms can be generated. The
value of A depends on how much in the future the algorithm needs to “see.” In the airline
problem, most of the effects of an action are felt at a later time within the trajectory. For
example, the effect of denying a request can only be realized later either through the receipt
of a higher fare for the seat or flying with the seat empty. Also, the effect of over booking
and the resulting potential to bump ticket holding passengers at the time of flight departure

can only be realized at the end of the trajectory.

In what follows, we present the A-SMART algorithm.

1. Define five sets that contain values obtained at the decision-making epochs in the
trajectory. Let A = (iy,1o,...,19,....) denote the set of states visited in a trajectory,

where 4, represents the state visited in the (I)™

step of the trajectory. Further let
B = (a1, as,....,a,....) denote the set of actions taken in the states described in A
in the same order. Also, let C = (r(i1, a1,12),7(i2, a2,%3), ..., 7(i1, a, 4141), ---) and D =

(131, a1,192), T(i2, ag, i3)..., T(41, Gy, %141), --..) denote respectively the set of the immediate

rewards earned and the set of sojourn times in the trajectory defined above. Finally,
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let &€ = (o, o, ....) and F = (p1, pa, -..p1, -..) denote respectively the set of the learning
rates and the sequence of average reward values at the different states in the trajectory
respectively. The value of A will be a fixed number between 0 and 1. Set action values
Q(j,a) =0forall j € S and a € A;. Set the cumulative reward c,e, = 0 and the total
time t,., = 0 and [, the trajectory index, to 1, and the index of decision epoch m = 1.
Also set 4, as the starting system state (s), o as the starting learning rate, p,, as the

starting exploration rate, and p; = 0. Initialize sets B, C, and D as empty sets.

. Start simulation in state s.
While m < MAX_STEPS do

Let the system state at the m* decision-making epoch be i; where the subscript

I indicates that it is the ['* step in the current trajectory.

(a) With probability (1 — p,,), choose an action a; € A;, for which Q(i;, @;) is maxi-
mum, otherwise choose a random (exploratory) action from the set {4;, \ a;}.

(b) Perform the chosen action. Let the system state at the next i.e. the (m +
1) decision epoch be 4;11. Also let 7(4;,a;,%41) be the transition time, and
(i1, ar, i141) be the immediate reward earned as a result of taking action a; in

state ;.
(c) If a nonexploratory action was chosen in step 2 (a)

e Set Cnew ¥ Cnew + T(il: aig, il—l—l)

e Set tnew — tnew + T(ila ag, il—l—l)

Cnew
tnew

o Set pyq1
Else,
Set pii1 < p.
(d) Add the I** element to each of the sets A, B,C, D, and F. That is, add 7, to A,

ay to B, r(i;, a;,4;41) to C and so on.

17



(e) If 4.1 = s, indicating that the end of the trajectory has been reached (from state

s back to state s), then for k =1 to [, set

l
Q(ik, ak) — Q(ik, ak) + (7% Z )\q_kTDq

q=k

where the gth temporal difference T'D,, is given by

TDq = T(iqa Gq, 7;q-l—1) - qu(iq: Qgq, iq—l—l) + Q(iq+17 aq+1) - Q(iqv aq)-

Set [ = 1 and reset the starting values as in step 1 except for o and p,,.
Else,
set [ (I+1).
(f) Set m < (m+1),
Pm < fi(m)
oy < fa(m)

and go to step 2 (a).

The exploration and the learning rates are (p, and o;) are updated using the function
suggested in Darken-Chang-Moody (DCM) rates [10]. They work as follows: at the (m+1)th
step, the rate Tp,41 is given by zp, 41 = 3%, where u = T’ﬁ—jﬂ The values we used throughout
our experiments are ro = 0.005 and 7 = 10 for the learning rate «, and o, = 0.1 and

7 = 10% for the exploration probability p.

5 Numerical Analysis

In this Section, we describe some of the RM problems selected for numerical evaluation
of the new algorithm A\-SMART. We also discuss some of its implementational issues and
the heuristic used to benchmark the performance of A-SMART. The section ends with a

discussion on the numerical results obtained from A-SMART.
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5.1 Test problems

In order to evaluate the performance of \A-SMART, we studied a set of sample revenue

management problems with the following characteristic parameters.

e The flight has three fare classes and the fare structure is represented by the vector
FS = (fi, fm, fn,b), where f; is the fare for the lowest class, f, is the fare for the
middle class, fj, is the fare for the highest class, and b is the bumping cost. Three

different sets of fare structures (F'S;, j = 1,2, 3) were considered.

e The overall customer arrival process (irrespective of the classes) is Poisson with pa-

rameter \,.
e The capacity of the aircraft is C.

e The customer distribution for class i € {l,m, h} is represented by the vector CD =
(P1, Pm; Pn), Where p; is the probability of an arriving customer belonging to the lowest
class, and p,, and pp respectively for the middle and the high classes. Clearly, p; +
Pm+pr = 1. Like the fare structure, three different sets of customer distribution (C'Dj,

j =1,2,3) were also considered.

e Every customer belonging to class ¢ has a probability of p! of canceling the trip and
the time of cancellation is uniformly distributed between the time of sale and the time

of flight departure.

The system state for a 3 fare class problem can be represented by the vector

¢ = (Ca S1, 52, 83, 7/11, ¢27 w37 t)a

where 1 indicates the index of the lowest class, 2 for the middle class, and 3 for the highest

class. Table 1 summarizes all the twenty (20)numerical problems that were examined using
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the A-SMART algorithm. For problems 18, 19, and 20, cancellation probability is considered
to be class dependent. For all the test problems, when booking for a new flight starts, the
system is assumed to be in the recurrent state s (mentioned in Section 4). The value of the
weighting factor A of A-SMART is set to 1. We found that for these problems A = 1 gave the
best results. In the next Section, we describe the function approximation technique used in

the numerical study.

FS; = (100, 175, 250, 300),F S, = (199, 275, 350, 400),
FSs = (350,450, 550, 600),CD; = (0.5,0.3,0.2)
CDs = (0.7,0.2,0.1),CD;3 = (0.3,0.3,0.4)

Case | C | Ay | CD; | FS; pl,i=1,2,3
1 100 | 1.0 | CD; | FS, 0.1,0.1,0.1
2 100 | 1.0 | CD; | FS, 0.15,0.15,0.15
3 100 | 1.0 | CD;y | FS3 0.2,0.2,0.2
4 100 | 1.5 | CDy | F S 0.1,0.1,0.1
5 [100|15|CD, | FS, 0.15,0.15,0.15
6 100 | 1.5 | CDy | FS3 0.2,0.2,0.2
7 150 | 2.0 | CD3 | FS; 0.1,0.1,0.1
8 300 | 3.1 | CD;y | FSo 0.15,0.15,0.15
9 150 | 2.0 | CD3 | FS3 0.2,0.2,0.2
10 | 300 | 3.1 | CD, | FS; 0.15,0.15,0.15
11 | 200 | 2.0 | CDy | FS2 0.15,0.15,0.15
12 1200 | 2.0 | CDy | FS3 0.2,0.2,0.2
13 | 150 | 2.0 | CD3 | FS2 0.0,0.0,0.0
14 1200 |20 | CDy | F$, 0.0,0.0,0.0
15 | 300 | 3.1 | CDy | FS; 0.1,0.1,0.1
16 | 300 |29 | CDy | FSs 0.15,0.15,0.15
17 [ 100 | 2.0 | CD; | FS; 0.2,0.2,0.2
18 | 100 | 1.0 | CD;, | F S, 0.1,0.15,0.2
19 | 100 | 2.0 | CDy | FS3 0.15,0.2,0.25
20 | 150 | 2.0 | CDs | F S, 0.05,0.1,0.15

Table 1: Sample problems

5.2 Function Approximation Scheme

For approximating the ()-values over the state-action space, we use a function approximation

scheme by which a large number of (-values are stored in the form of a small number
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of scalars (weights of the neural network). A function approximation scheme is required
because storing all the @)-values for the huge state-action space is impossible. The state
space is partitioned and encoded in a manner suitable for use with the neural network. After
performing several experiments, we found that the system state is adequately represented by
the following features: the class of the customer currently seeking a ticket, and the number
of seats already sold in each of the classes. Including time in the state space did not improve

the performance of the function approximation scheme.

This reduced state space was divided into subsets using hyperplanes and in each subset a
linear neuron (explained below) was used to approximate the @)-value. This is equivalent
to the approximation of a non-linear function by piecewise linear approximation. Each fare
class forms a distinct subset, and within each fare class, subsets are formed by placing
separating hyperplanes at 5 units. Thus for £ classes and a flight capacity of M, there
would be (kM /5)" number of distinct subsets (for each action), where (3)* is the value of

B rounded to the next higher integer.

A linear neuron is a two-layered neural network where the input layer contains the input
nodes and the output layer contains the output node. The output node in our case is the
(-value and the input nodes denote the variables used to define the state-space. Our neurons
have two input nodes each (see Figure 2). One node is the bias unit which is always turned
on and has an input of 1. The other unit is the number of seats already sold in the class
in which the reservation is sought. The input is normalized between 0 and 1. When, as
a result of an action, a transition takes place to a new decision-making state, the Q)-value
for the action taken in the old decision-making state has to be updated. The net stores
the @-value for each state-action pair in form of the weights and hence the updating of the
( value is achieved by updating the weights that store this particular )-value. The rule
used to update the weights is the Widrow-Huff rule, which is also called the delta rule. The

delta rule implementation is given below. Whenever an action is to be taken, Q-values for
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all possible actions are obtained from the network and an action is chosen. As the system
reaches new state based on chosen action, the new Q-value for the most recent state-action
pair is calculated from the A-SMART algorithm. This new value is then used to update the
weights of the network. The new Q-value serves as the target in the updating method given

below.

5.3 Neural network updating scheme

Consider a linear neuron with m input units and 1 output unit. The ¢th input is denoted by
x; and the weight connecting it to the output is denoted by w;. Initialize all weights (w; for
all values of i) to small random numbers. Set iter,,,; to some predetermined number and

iter = 1.

1. Calculate ¢:

d=t—o

where ¢ is the target value of output unit (the new @) value) and o (the old @ value) is

the network output of the output unit given by
m
0 = Z W;T5-
i=1
2. Update each network weight w; by the formula
where Aw; = néz; and 7 is the learning rate.

3. Set iter < iter + 1. If iter < iter,,q; return to the first step. Otherwise, stop.

In the numerical problems that we studied, iter,,,, was set to 2 and n was decayed according

to the DCM scheme [10].
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Input unit 1
(Seats sold)

Output unit 3
(R-Value)

Input unit 2
(Bias)

Figure 2: Schematic of a neuron used in function approximation
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