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A simulation-based approach to study

stochastic inventory-planning games

JAIDEEP J. RAOy*, KIRAN KUMAR RAVULAPATIz and TAPAS K. DAS}

Non-cooperative decision-making problems in a decentralized supply chain can be char-
acterized and studied using a stochastic game model. In an earlier paper, the authors
developed a methodology that uses machine learning for finding (near) optimal policies
for non-zero sum stochastic games, and applied their methodology on an N-retailer
and W-warehouse inventory-planning problem. The focus of this paper is on making
the methodology more amenable to practical applications by making it completely
simulation-based. It is also demonstrated, through numerical example problems,
how this methodology can be used to find (near) equilibrium policies, and evaluate
short-term rewards of stochastic games. Short-term rewards of stochastic games
could be, in many instances, more critical than equilibrium rewards. To our knowledge,
no methodology exists in the open literature that can capture the short-term behaviour
of non-zero sum stochastic games as examined in this paper.

1. Introduction

Success in the current business environment depends
greatly on agility and responsiveness. With online trad-
ing in the limelight and shrinking service lead time, the
need for an efficient supply chain distribution system
has become critical. Distributors can no longer afford
the high inventory buffers that had plagued the supply
chains in the past. Supply-chain optimization is being
sought through careful planning and resource-sharing
among the agents. Novel strategies being innovated
are opening new profit-making opportunities that an
individual distributor could not exploit on their own.

Decision-making in a decentralized supply-chain sce-
nario is often non-cooperative, and can be characterized
and studied using a non-zero-sum stochastic gamemodel;
a non-zero-sum game is where gain of one player is not
necessarily the loss of another. Such stochastic games,
though increasingly prevalent in the current business
environment, are among the least understood of the

management-science-related problems. Available game-
theoretic tools are limited and are difficult to implement
computationally, even for small problems.
Reinforcement learning (RL), a simulation-based

stochastic optimization approach, has been used by
many researchers to solve stochastic game problems
(Littman 1994, Erev and Roth 1998, Hu and Wellman
1998). Recently, Ravulapati et al. (2003) presented a
combined RL and matrix game-based algorithm that
was used to obtain near optimal actions/rewards for
the agents of a non-zero sum stochastic game problem
modelled as a competitive Markov decision process
(CMDP) (Filar and Vrieze 1997). RL is a machine-
learning method that allows the decision-maker in a
dynamic environment to learn from the rewards
obtained from the actions taken over time and reach
(near) optimal decisions. RL uses simulation as its mod-
elling tool and can thereby deal with problems that have
complex reward and stochastic structures. Also RL can
integrate within it various function approximation
methods (regression, neural networks, etc.), which
makes it possible to solve problems with very large
state spaces. The theory of RL is based on three impor-
tant scientific principles, the Bellman’s equation
(Bellman 1957), the theory of stochastic approximation
(Robbins and Monro 1951), and the theory of function
approximation (Ripley 1996). Hence, RL algorithms are
well founded and have, in general, good optimality
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properties. The potential of RL-based methods has been
tapped in several cooperative type industrial application
problems. Some of these are Crites and Barto (1996),
Singh and Bertsekas (1996), Das et al. (1999), and
Paternina-Arboleda and Das (2000), and Gosavi et al.
(2002) among others.

The focus of this paper is to present a computation-
ally attractive alternative to the methodology that was
presented in Ravulapati et al. (2003). This approach
uses only simulation and RL and does not require the
solution of matrix games as part of the overall solution
methodology. The modified approach thus avoids a
computationally difficult element. The new approach is
exposed through a detailed examination of the same
non-cooperative inventory planning problem studied in
Ravulapati et al. (2003), and the results are used to
assess the effectiveness of the new approach. In addition,
this paper demonstrates that the RL-based methodo-
logy can be used: (1) to study short-term behaviours
of games and (2) to conduct perturbation analysis of
gaming strategies. For many game applications, returns
in finite time horizons are often more critical than the
long-term equilibrium rewards. A business may not sur-
vive the negative cash flows that could result from the
path that a game might evolve through before perhaps
reaching a profitable equilibrium. Obtaining short-term
rewards of a stochastic perhaps reaching a profitable
equilibrium. Obtaining short-term rewards of a stochas-
tic game is, in theory, considerably more complex than
the already difficult task of finding an equilibrium beha-
viour. However, the RL-based methodology provides
a unique opportunity in this regard because simulation
is used as a modelling tool. Also, the players of stochas-
tic game are often faced with the question ‘What if a
subset of the players deviates (willfully or not) from
the equilibrium policy?’ The RL-based methodology
provides a useful tool for analysing such perturba-
tion scenarios, which is demonstrated through a few
chosen perturbed conditions of the retailer/warehouse
inventory problem.

The rest of the paper is organized as follows:
Section 2 describes how RL works as an optimization
tool; Section 3 presents the problem description; the
algorithms and their implementation framework are
presented in Section 4; analysis using numerical results
is presented in Section 5; short-term reward and pertur-
bation analysis results are presented in Section 6; and
Section 7 presents the concluding remarks.

2. Reinforcement learning (RL): A simulation-based

stochastic optimization tool

RL is best suited to stochastic optimization problems
that can be modelled as Markov or semi-Markov pro-
cesses, since it is founded on the theory of stochastic

dynamic programming (Bellman 1957). The major
drawbacks of classical dynamic programming (DP) are
(1) that it is difficult to set up and solve the linear
system of Bellman equations for large state spaces—
this is referred to as the curse of dimensionality, and
(2) that it requires the determination of the transition
probabilities which may be very difficult to obtain
when the system dynamics are complex—this is also
called the curse of modelling. RL is a simulation-based
asynchronous and approximate dynamic programming
approach. It is asynchronous because, instead of
updating the values of all system state and action com-
binations in every iteration as in classical DP algo-
rithms, RL updates one state-action combination at a
time. RL eliminates the need for computation of the
transition probabilities, since, instead of obtaining the
expected value of the future state, it stochastically
approximates the future value from the actual value of
the state visited. The learning agent assigns rewards
and punishments for their actions based on temporal
feedback obtained during their active interactions with
dynamic systems. The method of assigning rewards
and punishments uses both the Bellman’s equation of
DP and the Robbins–Monro stochastic approximation.
Any learning model basically contains four elements,

which are the environment, the learning agents, a set of
actions for each agent, and the environmental response
(sensory output). Each learning agent selects an
action, and these actions collectively lead the system
along unique path until the system encounters another
decision-making state. During this state transition, the
agents gather sensory outputs from the environment
and from it derive information about the new state
and the immediate reward from the current transition.
Using the information obtained during the state transi-
tion, the agents update their knowledge base and select
their next actions. As this learning process repeats, per-
formance continues to improve. Suppose, for a system
with only one agent (decision-maker), when action a is
chosen in state l, and the system makes a transition to
state q, this results in an immediate reward r(l, a, q).
Then, for average reward performance criterion, the
updating of the reinforcement value for the state–action
combination (l, a) is done using a learning version of
Bellman’s equation as follows.

Qnewðl, aÞ ¼ ð1� �ÞQoldðl, aÞ

þ � rðl, a, qÞ � g� þmax
b

Qoldðq, bÞ

� �
,

where Qnew(l, a) and Qold(l, a) are the new and old rein-
forcement values for the state–action combination (l, a),
� is the learning parameter, and g* is a scalar (for which
the most recent value of the average reward can be used;
refer to step 2 of the RL algorithms presented later).
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A schematic diagram for a two-agent reinforcement-
learning model is shown in figure 1. The system is pro-
vided with an action, which is a collection of actions
chosen by each agent from the action spaces. In turn,
each agent receives sensory inputs that determine the
next state and the reward or punishment resulting
from its most recent action. For example, on the nth
step of the interaction of an N agent system, based on
the system state (Xn) and the reinforcement values for
agent i(Qi(Xn¼ l, ai)), the ith agent takes an action ai.
Note that each agent makes a decision about the next
action independent of the other agents. The system evol-
ves stochastically based on the action vector a ¼ fai : 8i 2
f1, 2, � � � ,Ngg, as chosen by all agents, and results in
output concerning the next system state (Xnþ1¼ q) and
the reward (or punishment) for each agent (ri(l,a,q))
obtained during the transition. These system outputs
serve as sensory inputs for the agents. Using the infor-
mation about the new state and the reward (punish-
ment), the reinforcement values Qi(l,a) are updated for
the previous state (Xn¼ l ) and all players i.

3. Problem description and formulation

The inventory system consists of N retail outlets
belonging to independent agents. The agents deal with
a single product, and are interested in maximizing
their own profit, rather than that of the entire system.
The retail agents may pool inventories at W central
warehouses. Pooling of inventory in central warehouses
is a common practice among businesses to deal with
the demand uncertainty and to take advantage of the

transportation and storage costs. Demands are indepen-
dent in each of the N retail locations. The warehouses
do not experience any demand, and the agents make
inventory decisions for the warehouses. For simplicity,
it is assumed that each agent controls one outlet.
The agents share the residual inventory (inventory left
after realizing the daily demand) at retail outlets as
well as the stocks at the central warehouses to meet
the residual demands at the outlets at the end of a
business day. Note that the warehouse inventories are
used only for meeting residual demands at the end of
a day. Unsatisfied demands are not back-ordered.
A typical retail/warehouse inventory system is depicted
in figure 2. A general framework for study of a deter-
ministic abstraction of this inventory planning problem
can be found in Anupindi et al. (2001).
In systems, as described above, there are two stages

of decision-making that are separated in time. The
first stage involves the inventory decision that is made
before realizing the demand. This stage includes the
decision of stock levels at local as well as warehouse
locations. The agents choose local and warehouse
stock levels unilaterally (pure competition). The second
stage involves the trans-shipment decision that is made
after the demand realization. All the agents must come
to an agreement (complete cooperation) regarding the
shipping of the local residual inventory and the inven-
tory at the warehouses to meet the residual demands,
and also regarding the allocation of the excess profit
made from inventory sharing. (This hybrid of a non-
cooperative as well as cooperative decision-making is
commonly referred to as coopetition.) However, the deci-
sion about the mechanism for allocation of the excess

Figure 1. A multi-agent reinforcement-learning model.
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profit among the agents should be made before realizing
the demands. When an agent makes an inventory deci-
sion, the possibilities of the actions of the other agents
and corresponding profit allocations are taken into
account. Thus, an agent’s decision is very much tied to
the actions of the other agents. The profit allocation
rule should be designed such that it does not give
incentive for individual agents or groups of agents to
break away from the grand coalition; such allocation
policies are called core allocations. We have modelled
this inventory-planning problem as a combination of
a competitive Markov decision problem (CMDP) for
the non-cooperative part of the decision-making, and
an integer linear programming (ILP) problem for the
cooperative part of the decision-making. The ILP is
adopted from Anupindi et al. (2001).

When a single super agent is substituted for all the
multiple non-cooperative agents, and the super agent
is allowed to make decisions for all the agents to maxi-
mize the system profit, the CMDP becomes a MDP.
This single-agent problem (SAP), when solved opti-
mally, gives a solution that is an upper bound for the
non-cooperative multi-agent problem (MAP). Note
that the ways in which the SAP and MAP solutions
can differ are in the total system reward and in the dis-
tribution of individual rewards to the players. In the
SAP, the decision-maker has complete information
and makes decisions to maximize the total system
reward, whereas, in the MAP, the players act with
incomplete information while trying to maximize their
individual rewards, without regard for the total system
reward. As a result, the MAP solution is likely to
produce a smaller total system reward compared with
the SAP solution. However, the amounts of the rewards
earned by the players in a MAP should depend very
much on the efficiency of the learning algorithm,
and the total reward could at best be equal to the SAP

solution. Hence, the SAP solution should provide a
very good upper bound for the results of the RL algo-
rithm. An MDP formulation of the single-agent version
of the problem, and also the CMDP/ILP model for the
MAP can be found in Ravulapati et al. (2003).

4. RL algorithms and implementation framework

In this section, we present average reward RL algo-
rithms for both the single-agent and multi-agent
versions of the inventory-planning problem. The single-
agent RL algorithm for SAP is identical to an existing
algorithm, Relaxed-SMART (Gosavi 1999) which is
presented here for completeness. The multi-agent algo-
rithm is a modified version of the algorithm that can
be found in Ravulapti et al. (2003). The modification
is that after learning is completed, instead of using a
matrix game approach, the equilibrium value is obtained
through simulation using the learnt Q-values. After
the algorithms are presented, we present their imple-
mentation framework.

4.1. SAP-RL algorithm

(1) Initialize iteration or decision epoch count n¼ 0,
reinforcement values Q(l,a)¼ 0 for all states l 2 E
and all action combination vector a 2 AðlÞ. A(l ) is a
set of all action combinations available to the cen-
tralized decision-maker at state l, and E denotes
the state space. Set the average system reward at
iteration n, �n¼ 0. Initialize the input parameters
(�0, �0, �0, ��, ��, ��) for choosing the learning
rates (� and �) and exploration rate (�) according
to the Darken–Chen–Moody (DCM) search-then-
converge scheme (Darken et al. 1992) in step 2(d)
below.

Figure 2. A three-retailer (agent) and one-warehouse inventory system.
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(2) While n<MaxSteps, do If the system state at itera-
tion n is i 2 E,

(a) With probability (1� �n), choose the action
a 2 AðlÞ that maximizes Q(l, a). With a probabil-
ity of �n, choose a random (exploratory) action
from the set A(l)\a. Simulate the system with
the chosen action until the next decision epoch
is reached.

(b) Let the system state at the (nþ 1)th decision
epoch be q. Let rimm(l,a,q) be the immediate
reward earned as a result of reaching state q by
choosing action a in state l at the nth epoch.
Update reinforcement values Q(l, a) as

Qðl, aÞ  ð1� �nÞQðl, aÞ þ �nðrimmðl, a, qÞ

� �n þmax
a

Qðq, aÞÞ,
ð1Þ

where �n is the average reward for the system at
iteration n.

(c) Calculate the average reward for iteration
(nþ 1) as

�nþ1 ¼ ð1� �nÞ�n þ �n
n�n þ rimmðl, a, qÞ

ðnþ 1Þ

� �
: ð2Þ

(d) Update the learning parameters �nþ1, �nþ1 and
the exploration parameter �nþ1 following the
DCM scheme as given below.

�nþ1 ¼
�0

1þ u

� �
, where u ¼

n2

�� þ n

� �
, ð3Þ

where �0 is the starting value, and �� is a large
constant chosen suitably to control the decay
rate of �. The other parameters (�nþ1 and �nþ1)
are also updated in the same manner.

(e) Set q l and n nþ 1.

(f) If n<MaxSteps, go to Step 2(a), else go to Step 3.

(3) Restart the simulation of the system with the final
form of the Q-matrix fQðlÞ : l 2 Eg to obtain the
final estimate of the average system reward.

4.2. MAP-RL algorithm

(1) Let N be the number of players and the iteration
count n¼ 0. Initialize reinforcement values Qiðl, a1,
a2, � � � , aNÞ ¼ 0 for all players i 2 N ¼ f1, 2, � � �Vg,
state l 2 E, and actions ai 2 AiðlÞ. Set the aver-
age reward for the players �i¼ 0 for all i 2 N .
Define Riðl,kÞ¼

P
fa1,���,aN gnai Q

iðl,a1, ���,ai¼k, ���,aNÞ,
which is the sum of all entries of reinforcement
value matrix Qi(l) corresponding to the action k of
the player i in state l. Initialize the values of Ri(l, k)

to zero. Initialize the input parameters (�0, �0, �0,
��, ��, ��) for choosing the learning rates (� and �)
and exploration rate (�) according to the DCM
search-then-converge scheme in Step 2(d) below.

(2) While n<MaxSteps, do

If the system state at iteration n is l 2 E,

(a) For all i 2 N , compute the probability of choos-
ing an action k 2 AiðlÞ in state l by player i as

piðl,kÞ ¼

ð1� �nÞ if Riðl,kÞ ¼ maxk2Aiðl ÞR
iðl,kÞ,

�n
ðjAiðlÞj � 1Þ

, if o=w,

8<
:

where |Ai(l )| denotes the cardinality of Ai(l ). The
above says that the action ai¼ k of agent i
in state l for which the total reinforcement
value (summed over all choice combinations
of the other players) is the maximum over all
k 2 Aiðl Þ is chosen with probability (1� �n),
and the rest of the actions are chosen with
equal fraction of the exploration probability �n.

Now, for each player i 2 N , generate a
random variable yi from a uniformly distributed
random variable U(0, 1). Find, using pi(l, k),
the cumulative probability distribution function
Fi(l, k), over the range of actions k 2 AiðlÞ.
Choose action ai¼ k, for which the condition
Fi(l, k� 1)<yi�Fi(l, k) is satisfied.

(b) Simulate the system with the chosen actions for
all the players (action vector a ¼ ða1, � � � , aNÞÞ
until the next decision epoch. Let the system
state at the next decision epoch be q and
ri(l, a, q) be the immediate reward for player i
corresponding to the action combination a.

(c) Update the reinforcement value for the most
recent state–action combination Qi

nþ1ðl, aÞ and
the average reward �inþ1 for all the players i 2 N
as follows:

Qi
nþ1ðl, aÞ ¼ ðl � �nÞQ

i
nðl, aÞ þ �nðr

iðl, a, qÞ

� �in þQi
expðqÞÞ,

ð4Þ

where

Qi
expðqÞ ¼

X
�2fA1ðqÞ�����AN ðqÞg

p1ðq,�1Þ � � � � � pNðq,�NÞ
� �

�Qi
nðq,�Þ

and � ¼ ð�1,�2, � � � ,�NÞ and �i 2 AiðqÞ:

�inþ1 ¼ ð1� �nÞ�
i
n þ �n

npin þ riðl, a, qÞ

ðnþ 1Þ

� �
: ð5Þ
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(4) and (5) together represent the two-scale
updating scheme of the reinforcement value
function Q. The first equation is the asynchro-
nous version of the average reward Bellman
equation. The quantity Qi

expðqÞ represents the
expected reinforcement value of state q 2 E
over all combinations of actions at the nth
iteration.

(d) Find the updated value of the learning para-
meters �nþ1 and �nþ1, and the exploration para-
meter �nþ1 using the DCM scheme as given
below.

�nþ1 ¼
�0

1þ u
, where u ¼

n2

�� þ n
,

where �0 is the starting value, and �� is a large
constant chosen suitably to control decay of �.
The other parameters �nþ1 and �nþ1 are updated
using the same approach as �.

(e) Set l q and n nþ 1.

(f) If n<MaxSteps, go to Step 2(a), else go to Step 3.

(3) Restart the simulation of the system with the final
form of the Q-matrices fQiðlÞ : 8i 2 N , l 2 Eg to
obtain an estimator of the average system reward.

4.3. Solution framework using RL algorithms

The framework for the RL-based methodology for
the non-cooperative inventory planning problem is
presented in this section. This framework applies to
both the single-agent and multi-agent versions of the
problem. The implementation framework is depicted in
figure 3. The framework has a policy-learning phase
and a learnt-policy implementation phase. The latter is
similar to the policy-learning phase without the reinfor-
cement learning component. The policy-learning phase
learns the policy, and the learnt-policy implementation
phase simulates the learnt policy to estimate the long-
run reward. The arrows in the figure indicate the flow
of information among the elements within the phases.
Shown within parentheses in each element is the soft-
ware support that was used to implement that element.
Brief descriptions of the elements are given below.

4.3.1. Simulation. This block is activated after the inven-
tory decisions are made by the retailers. The customer-
arrival processes during a business cycle in the inventory
distribution system are simulated. ARENA� simulation
software package was used to develop the simulation
model. At the end of a business cycle, based on the
action taken (inventories ordered) at the beginning
of the cycle and the realized demand during the cycle,
the simulation block sends the information about the

residual inventory and the residual demands to the
transportation block.

4.3.2. Transportation. The transportation block decides
the optimal sharing pattern for the residual inventories
to meet the residual demands by solving the integer
linear program (ILP). LP_SOLVE (ftp://ftp.es.ele.tue.
nl/pub/lp_solve/), was used to solve the ILP. Visual Basic
for applications (VBA), a back end for ARENA�

was used as an interface between ARENA� and
LP_SOLVE. The optimal shipping pattern, the excess
profit thus made, and the dual values of the constraints
are received by the VBA from the LP_SOLVE. The
VBA module allocates the excess profit to the agents
based on a dual-price-allocation rule and then sends
the information regarding the starting and end states
of the system, and the profit made by each agent to
the Reinforcement Learning block.

4.3.3. Reinforcement learning (RL). The RL block
updates the reinforcement value matrix of each agent
using the reinforcement-learning algorithm and the
information received from the Transportation block.
This block then updates the values of the exploration
and learning rates using the DCM scheme. Then, if
the stopping criterion is not reached, it decides on the
next set of actions for the retailers based on the ending
state of the current cycle and the reinforcement values
of the available actions. This set of actions is then sent
to the simulation block. This cycle of Simulation!
Transportation!RL!Simulation continues until
stable reinforcement values for all the state and action
combinations are obtained.

Figure 3. RL-based implementation framework.
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5. Numerical results

In this section, the results of implementing the RL-
based methodology on a set of numerical versions of the
problem are presented. The numerical problems that are
examined are identical to those studied in Ravulapati
et al. (2003) with three-retailers and no warehouses. The
reasons for not considering warehouses in the numerical
study are: (1) a warehouse does not constitute a decision-
maker, since inventory decisions are made only by the
retailers; and (2) warehouses add significantly to the
system state space increasing the computational burden.
The upper bounds on the average system profits were
first obtained by implementing the methodology using
the SAP-RL algorithm. The methodology using the
MAP-RL algorithm was then implemented for the
numerical problems. For every problem, the design
parameters for both SAP-RL and MAP-RL algorithms
were selected using analysis of variance and regression
analysis. Table 1 presents four different numerical
problem scenarios and the corresponding optimal
rewards obtained using the relative value iteration
(RVI) technique which are adopted from Ravulapati
et al. (2003). The salvage and transportation costs that
are considered are also the same as in Ravulapati et al.
(2003). In Section 5.1, we first discuss the implemen-
tation of the SAP-RL algorithm to develop useful
upper bounds for system rewards. The results show
that the SAP-RL algorithm provides a very useful means
of obtaining an upper bound for the optimal system
reward.

5.1. Obtaining reward upper bounds using the
SAP-RL algorithm

The optimal profit values in table 1 represent the
upper bounds for the average system profits of the
three-retailer problem. However, as discussed earlier,
RVI implementation suffers from both modelling and
dimensional curses for large state spaces. In this section,
the results of using a simulation-based SAP-RL algo-
rithm for finding the upper bounds are presented.

A designed experiment was conducted to obtain effective
values of the design parameters for the algorithm.
The design parameters for an RL algorithm are the

learning parameters � and �, exploration parameter �,
and the parameters to control the decay rates ��, ��,
and ��. We used identical values for the three decay
parameters and denoted it by �� in the analysis. Unit
profit and unit holding cost, expressed as percentages
of the unit cost, were also considered as factors in the
experiment to assess any interaction of these factors
with the design parameters. Table 2 summarizes the
values of the factors at two levels that were considered
for the experiment.
A one-quarter fraction of the 26 factorial design was

used with I¼ABCD¼BCDF as the design generator.
The experimental data are shown in table 3. The
response variable used in the analysis is the difference
in the average system profit obtained from the RVI
algorithm and the SAP-RL methodology. The normal
probability plot of the effects is shown in figure 4
(where only the outlying effects are labelled). The outly-
ing interaction effects (bd, bf, af, ab, ae) and all of the
main effects were used in the analysis of variance
(ANOVA). The remaining interactions were pooled to
obtain an estimate of error variance. The ANOVA per-
formed on the experimental data is given in table 4.
Two main factors (learning parameter C and the

decay rate F ) were found to be significant. Two
factor interactions, AE, BD, and BF, were also found
to be significant. For the purpose of optimizing the
design parameters, a first-order regression equation
was obtained using all the main effects and the signifi-
cant interactions. For each of the four combinations
of profit (A) holding cost (B) given in table 2, good
values of the design parameters �, �, �, and �� were
obtained by optimizing the regression equation using
EXCEL� Solver. We noted that, in general, lower-end
values of the learning and exploration parameters were
preferred over the values in their ranges.
Table 5 shows the upper bounds of the average system

profits obtained from the SAP-RL methodology using
the designed parameters. A comparison of these results

Table 1. Optimal solution for the four test problems using

the RVI algorithm

Test

case

Unit

cost

Profit ($)

per unit

(% of

unit cost)

Holding cost

($) per unit

(% of

unit cost)

Average

optimal

profit ($)

3�
limits

1 10 50 10 35.1798 0.56

2 10 50 15 33.5699 0.58

3 10 75 10 55.2584 0.79

4 10 75 15 53.1240 0.84

Table 2. Summary of design factors

Index Design factor High Low

A Profit (% of cost) 75 50

B Holding cost (% of cost) 15 10

C � (learning parameter

for Q-values)

0.3 0.05

D � (learning parameter

for average reward)

0.3 0.05

E � (exploration parameter) 0.3 0.05

F �� (decay rate for �,�, �) 9� 105 4.5� 105
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with the optimal upper bounds from RVI (also shown
in table 5) indicates that the SAP-RL methodology is
an efficient alternative to the classical RVI algorithm
for the inventory-planning problem.

5.2. Results from the MAP-RL methodology

In this section, the results obtained from the multi-
agent versions of the numerical problems using the
MAP-RL algorithm are presented. The design parame-
ters for the MAP-RL algorithm were careful selected

using a regression equation for the four test problems
shown in table 1. Using these selected parameters, the
average system profit for the test problems were obtained
and compared with the corresponding optimal results.
A designed experiment identical to that used for the

SAP-RL methodology was used to select the parameter
values for the MAP-RL methodology. The experimental
data are given in table 6, and the ANOVA result is
shown in table 7.
Other than the interactions AB, AD, and AF, all

others were pooled to obtain an estimate of error.

Table 3. Average system profit achieved using the RVI algorithm and SAP-RL algorithm

Treatment

combination

RVI SAP-RL
Difference

(RVI-SAP)

Difference as

% of RVIAverage system profit 3� limits Average system profit 3� limits

(1) 35.18 0.56 35.08 0.61 0.10 0.28

a e 52.26 0.79 54.50 0.84 0.75 1.37

b e f 33.57 0.58 32.95 0.58 0.62 1.84

a b f 53.12 0.84 53.08 0.86 0.04 0.08

c e f 35.18 0.56 33.86 0.51 1.32 3.76

a c f 55.26 0.79 55.01 0.81 0.25 0.44

b c 33.57 0.58 30.82 0.58 2.75 8.18

a b c e 53.12 0.84 49.71 0.58 3.41 6.42

d f 35.18 0.56 35.12 0.23 0.06 0.16

a d e f 55.26 0.79 54.08 0.74 1.17 2.13

b d e 33.57 0.58 33.06 0.63 0.51 1.51

a b d 53.12 0.84 53.03 0.79 0.10 0.18

c d e 35.18 0.56 34.54 0.60 0.64 1.81

a c d 55.26 0.79 53.33 0.69 1.93 3.49

b c d f 33.57 0.58 32.56 0.53 1.01 3.01

a b c d e f 53.12 0.84 52.31 0.69 0.82 1.54

Figure 4. Normal probability plot for yield difference of RVI and SAP-RL.
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Significant main factors are the holding cost, B, and the
learning parameter for average profit, D. Significant
interactions are AB and AF. For the purpose of obtain-
ing optimal design parameters using regression, a first-

order regression equation (6) (with R2
¼ 0.87) was

developed as shown below. For the four combinations
of the profit (A) and holding cost (B) given in table 1,
the optimal values for the design parameters �, �,

Table 6. Average system profit achieved using the RVI algorithm and MAP-RL algorithm

Treatment

combination

RVI MAP-RL
Difference

RVI-MAP

Difference as

% of RVIAverage system profit 3� limits Average system profit 3� limits

(1) 35.1798 0.56 35.1715 0.55 0.0083 0.02

a e 55.2584 0.79 55.1696 0.80 0.0888 0.16

b e f 33.5699 0.58 33.0876 0.69 0.482 1.44

a b f 53.124 0.84 53.1155 0.83 0.0085 0.02

c e f 35.1798 0.56 35.178 0.55 0.0018 0.01

a c f 55.2584 0.79 55.1323 0.79 0.1261 0.23

b c 33.5699 0.58 33.1814 0.61 0.3885 1.16

a b c e 53.124 0.84 53.1191 0.85 0.049 0.05

d f 35.1798 0.56 35.04 0.23 0.139 0.40

a d e f 55.2584 0.79 54.7548 0.92 0.504 0.91

b d e 33.5699 0.58 33.1875 0.63 0.382 1.14

a b d 53.124 0.84 52.718 0.91 0.406 0.76

c d e 35.1798 0.56 35.013 0.54 0.1668 0.47

a c d 55.2584 0.79 54.647 0.77 0.6114 1.11

b c d f 33.5699 0.58 32.6051 0.67 0.965 2.87

a b c d e f 53.124 0.84 53.0318 0.86 0.092 0.17

Table 4. ANOVA for SAP-RL

Source of

variation

Degrees of

freedom (df)

Sum of

squares (SS)

Mean square

SS/df Fo¼MSfactor/MSerror Fc

A 1 0.1361 0.1361 1.624 7.708

B 1 0.576 0.576 6.881 7.708

C 1 4.807 4.807 57.389 7.708

D 1 0.567 0.567 6.764 7.708

E 1 0.57 0.57 6.80 7.708

F 1 1.493 1.493 17.832 7.708

AB 1 0.391 0.391 4.676 7.708

AE 1 1.363 1.363 16.275 7.708

AF 1 0.538 0.538 6.429 7.708

BD 1 2.069 2.069 24.709 7.708

BF 1 0.834 0.834 9.961 7.708

Error 4 0.335 0.0837

Total 15 13.683

Table 5. Comparison of average system rewards obtained using the SAP-RL methodology and RVI algorithm

(% of cost) (% of cost)
RVI SAP-RL

Difference

(RVI-SAP)

Difference as

% of RVIUnit cost Unit profit Unit holding Average profit 3� limits Average profit 3� limits

10 50 10 35.1798 0.56 35.1741 0.61 0.0057 0.016

10 50 15 33.5699 0.58 33.4084 0.58 0.1615 0.481

10 75 10 55.2584 0.79 55.1151 0.80 0.1433 0.259

10 75 15 53.1240 0.84 53.1176 0.84 0.0064 0.012
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�, and �� were obtained by optimizing the regression
equation.

Y ¼ 0:274� 0:043XA þ 0:0677XB þ 0:021XC

þ 0:135XD � 0:058XE þ 0:0164XF

� 0:1699XAXB � 0:064XAXF :

ð6Þ

Table 8 shows the average system profit obtained
using the MAP-RL methodology for the test problems
using the selected design parameters. It also provides a
comparison of the average system profit obtained
using the MAP-RL methodology with the correspond-
ing optimal solutions obtained using relative value
iteration technique.

From the results, it can be concluded that the
RL-based methodology works quite well in dealing
with non-zero sum stochastic game involved in the
multi-retailer inventory-planning problem. However,
the closeness of the MAP-RL solutions to the RVI solu-
tions should not be considered as a general rule, since we
feel that the nature of the inventory problem and the
values of its parameter may have contributed to it.
Since the performance of the RL algorithm is sensitive to
its design parameters, the parameters should be selected
with care. The next section shows how the RL-based

methodology can be used to study two very important
aspects of stochastic game problems: (1) computation
of short-term rewards of a game, and (2) evaluating
the effects of one or more agents deviating from the
equilibrium policy (perturbation analysis).

6. Other utilities of the RL methodology

In order to expound on the topics of short-term
rewards and perturbation analysis, a different example
problem with a somewhat larger state space was
adopted. Average system reward obtained using the
SAP-RL methodology was used as an upper bound
for the corresponding multi-agent problems. In what
follows, the example problem is briefly described, and
its equilibrium reward is presented before examining
the short-term rewards and carrying out perturbation
analysis.

6.1. Problem description and analysis

A different set of numerical problems consisting of
five agents were considered in this section. The para-
meters for the problems were chosen somewhat arbitra-
rily. It was assumed that the demand arrivals for the five
agents are Poisson with parameters 1.89, 1.89, 1.72,

Table 7. ANOVA for MAP-RL

Source of

variation

Degrees of

freedom (df)

Sum of

squares (SS) Variance SS/df Fo Fc

A 1 0.030 0.030 3.893 5.987

B 1 0.073 0.073 9.502 5.987

C 1 0.007 0.007 0.919 5.987

D 1 0.291 0.291 37.719 5.987

E 1 0.054 0.054 7.016 5.987

F 1 0.004 0.004 0.556 5.987

AB 1 0.462 0.462 59.917 5.987

AD 1 0.023 0.023 3.034 5.987

AF 1 0.065 0.065 8.485 5.987

Error 6 0.046 0.008

Total 15 1.057

Table 8. Comparison of average system rewards achieved using the MAP-RL algorithm with the relative value-iteration algorithm

Unit cost

(% of cost) (% of cost)
RVI MAP-RL

Difference

(RVI-MAP)

%

differenceUnit profit Unit holding Average profit 3� limits Average profit 3� limits

10 50 10 35.1798 0.56 35.1715 0.56 0.0083 0.024

10 50 15 33.5699 0.58 33.2035 0.61 0.3664 1.091

10 75 10 55.2584 0.79 55.1018 0.79 0.1566 0.283

10 75 15 53.1240 0.84 53.1162 0.84 0.0078 0.015
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1.89, and 1.75, where the time unit is one business day.
Each agent can order an inventory between 0 and 3
(four possible actions). All customers at a retail location
are willing to be served from other locations in case of a
stock-out situation. The cost, selling price, and holding
cost of an item are the same across all agents. The sal-
vage price of an unsold item is the same as the cost of
the item. Four test problem scenarios with different
cost, profit, and holding cost values are given in table 9.
The transfer costs for moving an item between retail
locations are fixed and are given in table 10. Table 11
provides a summary of the system average profits and
corresponding upper bounds for the four test problem
scenarios. On average, the multi-agent RL solution is
within 1.8% of its single-agent RL upper bound.
Figure 5 provides a plot of the upper bound of the
average system profit (from SAP-RL) and the average
profit for the multi-agent problem (MAP-RL) for the
first 3000 business cycles of problem scenario 4.

6.2. Short-term reward analysis

Short-term game return is an important deciding
factor for an agent being or not being in a game in the
long run. The profits made by the individual agents
during the learning phase may eventually be different,
as all the agents learn their best policies, and the game
attains an equilibrium state. A unique ability of the
RL-based methodology, to study the short-term rewards
obtained by the agents during the learning phase of a
game, is demonstrated here with the test problem (sce-
nario 3 from table 9). Average profit data for the first
100 business cycles of the learning phase were collected
for all the five agents separately. A second set of data for
the first 100 business cycles was also collected while
simulating the learnt equilibrium policy. Plots of the

two data sets are shown in figure 6. Agents 1, 4, and 5
attained 10.66%, 7.32%, and 9.95% higher average
profits, respectively, from the learned policy than their
profits during their first 100 learning cycles. The average
profit of agent 2 did not vary significantly between the

Figure 5. Comparison of average system rewards obtained using the SAP-RL methodology and the MAP-RL methodology for

problem scenario.

Table 11. System profit for SAP-RL and MAP-RL

Scenario

number

SAP-RL

(Upper bound) MAP-RL

% deviation of

MAP-RL from

the upper bound

1 192.76 188.98 1.96

2 420.06 413.04 1.67

3 849.51 825.80 2.79

4 4186.03 4145.42 0.97

Table 9. Test scenarios

Scenario

number Unit cost Unit profit

Unit holding

cost

1 50 25 4

2 500 50 4

3 1000 100 4

4 5000 500 4

Table 10. Transfer cost matrix

– A1 A2 A3 A4 A5

A1 – 5 7 6 5

A2 5 – 4 5 6

A3 7 4 – 8 7

A4 6 5 8 – 6

A5 5 6 7 6 –
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learning and the equilibrium phases (within 0.14%). The
average profit of agent 3 actually decreased on attaining
the equilibrium by 6.03%. Short-term non-cooperative
game results, as shown in figure 6, could be very helpful
for the agents to make long-term business decisions.

6.3. Sample perturbation analysis

A sample numerical perturbation analysis demon-
strating the effect on the system’s average profit when
subsets of the agents in a game choose to deviate from
their equilibrium policies is presented in this section.
This analysis was performed by first randomly allowing
an agent to deviate from their equilibrium inventory
policy by one unit. Then, two agents were allowed
to deviate, and finally all five agents were allowed to

deviate from their equilibrium policies. Figure 7 shows
the outcome of this analysis. It can be seen that the
loss of profit resulting from perturbation is more promi-
nent when the agents order less than the equilibrium
policy than when the agents order more than the equili-
brium policy. This may partly be due to the presence of
a ceiling on the maximum inventory the agents can
order. Also, in some of the states, the equilibrium
policy of some agents itself could be at this ceiling
limit, allowing no further increase.

7. Conclusion

This paper presents a simulation-based modelling
approach for assessing short-term and equilibrium

Figure 6. Comparison of short-term rewards with equilibrium rewards for scenario 3.
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behaviour of non-zero sum stochastic games that are
found commonly in competing supply-chain organiza-
tions. The approach uses reinforcement-learning (RL)
algorithms that were adopted from the related litera-
ture and then suitably modified. Since the RL-based
approach uses simulation as its modelling tool and eval-
uates the decision options of a game in an asynchronous
manner, it avoids to a significant extent the curses of
modelling and dimensionality that are normally
associated with real-life non-zero sum stochastic game
problems. Also, the RL algorithms are founded on
the theory of dynamic programming and the theory of
stochastic approximation, and hence in general have
good optimality properties.

The problem studied in this paper is an N-retailer.
W-warehouse non-cooperative inventory-planning
problem. The problem was modelled as a competitive
Markov decision process, for which a multi-agent rein-
forcement-learning approach was developed to obtain
an equilibrium system reward. To obtain an upper
bound on the reward, a single-agent abstraction of the
multi-agent problem was conceived for which a single-
agent RL approach was developed. The procedure was
evaluated on a set of numerical test problems. The
results show that the RL-based approach holds promise
in being able to provide a useful means of studying
real-life non-zero sum stochastic games for which no
computationally feasible approach exists in the current
literature. The RL-based approach was also shown to
be a useful tool in evaluating short-term rewards of a
stochastic game which is more difficult to assess than
the equilibrium behaviour of a game. For a discussion
on different approaches that can be used to deal with
very large state space, refer to Gosavi et al. (2002) and
Ravulapati et al. (2003).
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