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Abstract

Data representing the complex and multivariate processes are well known to be multiscale due to the
variety of changes that could occur in a process with different localizations in time and frequency.
Examples of changes may include mean shift, spikes, drifts, and variance shifts all of which could
occur in a process at different times and at different frequencies. Acoustic emission signal arising
from machining, images representing MRI scans, and musical audio signals are some examples that
contain above changes and are not suited for single scale analysis. Recent literature contains several
wavelet decomposition based multiscale process monitoring approaches including many real life
process monitoring applications. These approaches are shown to be effective in handling different
data types and, in concept, are likely to perform better than existing single scale approaches. There
also exists a vast literature on the theory of wavelet decomposition and other statistical elements
of multiscale monitoring methods, such as principal components analysis, denoising and charting.
To our knowledge, no comprehensive review of the work relevant to multiscale monitoring of both
univariate and multivariate processes has been presented to the literature. In this paper, over one
hundred and fifty both published and unpublished papers are cited for this important subject, and
some extensions of the current research are also discussed.
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1 Introduction

Process monitoring refers to the task of detecting abnormal process operating conditions including
shift in the mean and/or the variance of one or more process variables, spikes, and drifts. These
conditions could occur in a process at different times and at different frequencies (scales) making
the resulting process data multiscale. Traditional multivariate control charts, such as chi-square
chart, Hotelling 72 chart, multivariate CUSUM chart, and multivariate EWMA chart are single
scale, i.e., the filters used by these charts have fixed frequencies, and are suited to extract features
in the time domain. This is illustrated in Figure 1 (Hunter [78]) which shows the unique scales at
which some of the single scale charts represent the measurements. For example, Shewhart chart
represents data at the sampling interval, which is the finest scale, and the CUSUM chart represents
data at the scale of all measurements, which is the coarsest scale.

The above conventional time domain analysis methods are sensitive to impulsive oscillations, but
have limited utility in extracting hidden patterns and frequency related information. This problem
is partially overcome by spectral (frequency) analysis such as Fourier transform, the power spectral
density, and the coherence function analysis. However, many spectral methods rely on the implicit
fundamental assumption of signals being periodic and stationary, and are also inefficient in ex-
tracting time related features. Moreover, for nonstationary signals, Fourier transform averages the
frequency components over the entire duration of the signal. This problem has been addressed to
a large extent through the use of short time Fourier transform (STFT) methods. However, STFT
uses a fixed tiling scheme, i.e., it maintains a constant aspect ratio (the width of the time window
to the width of the frequency band) throughout the analysis (Figure 2). As a result, one must
choose multiple window widths to analyze different data features localized in time and frequency
domains. Hence, the STFT is badly adapted to signals where patterns with different frequencies
appear. It also fails to efficiently resolve short time phenomena associated with high frequencies (Li
[99]). In recent years, time-frequency methods, such as wavelet based multiresolution analysis have
gained popularity in analysis of both stationary and nonstationary signals. These methods provide
excellent time-frequency localized information, which is achieved by varying the aspect ratio as
shown in Figure 2. Hence, wavelet based multiscale methods analyze time and frequency localized
features simultaneously with high resolution, and also are adaptable to transient signals. Other
advantages of the wavelet based methods include the following. 1) Ability to denoise signals, 2) at
each scale, wavelet coefficients are decorrelated even if the input data is autocorrelated, 3) wavelet
coefficients are normally distributed irrespective of the input data distribution, and 4) wavelet co-
efficients are stationary even if the input data is nonstationary. Recent literature has presented
several variants of a wavelet decomposition based multiscale data analysis method, which are, in
concept, superior to those of the traditional single scale methods. In these multiscale methods,
the multivariate time-domain data is wavelet decomposed separately for each variable into several
scales. Data at these scales are denoised and then monitored to detect the presence of any process
inconsistencies. The above steps, in addition to wavelet decomposition involve tools like principal
components analysis (PCA), thresholding methods, wavelet reconstruction and various charting
techniques.

The purpose of this paper is to 1) review the literature on multiscale process monitoring algorithms
and related issues, and 2) present a few possible extensions of the current research. The paper
is organized as follows. Section 2 presents a methods overview, which highlights the concept of



multiresolution analysis (MRA). In Section 3, the generic structure of the multiscale algorithms
with and without process models for univariate and multivariate data is described. Sections 4 and
5 describe the various denoising and monitoring approaches used by the multiscale algorithms for
processes with and without models respectively. Section 6 addresses other issues such as depth
of wavelet decomposition, width of testing window, selection of wavelet type, border distortion or
end effects, on-line and off-line monitoring, and contribution plots. Section 7 presents a review
of the scant literature on the performance evaluation studies. Section 8 cites various applications
of wavelet based multiscale methods including those used in process monitoring. In Section 9, we
propose some extensions of the present research. Concluding remarks are given in Section 10.

Insert Fig 1. here

Insert Fig 2. here

2 Overview of Multiresolution Approach

In this section, we provide an overview of the multiresolution analysis using wavelets.

Any process is characterized by its parameters. An in-control process operating under chance causes
of variation will typically consist of a single feature, i.e., data collected from the process will have
a stable probability distribution. However, most real life processes do not behave in an ideal way.
For example, the measurements representing a process may be contaminated with noise and/or
various other features due to tool failure, faults, sensor failure, and machine parts degradations.
This implies that the state of a process in general would not consist of a single feature but rather
would have multiple features. A typical example of a process with multiple features is shown in
Figure 3. The features include a shift in the mean, and an increase in the variance occurring at
a higher frequency. The process is also corrupted with Gaussian noise, which masks the above
features.

Insert Fig. 3 here

Thus to identify a change in a process parameter, it is necessary to analyze the features of the
data relevant to the change in both time and frequency domains. For example, a step change in a
signal (i.e., a change in the process mean) is more localized in time but not in frequency, whereas a
change in the variance is more localized in the frequency than in the time domain. It is clear that
different process features are better represented at different domains and hence should be examined
accordingly. Thus a useful approach for analyzing a process should be a time-frequency approach,
which would describe the time localization as well as the frequency localization of data. One such
approach is the wavelet based multiresolution analysis (MRA).

A Multiresolution Analysis Example

Consider the signal shown in Figure 3. The Figure 4 shows a multiresolution representation of the
signal. This is obtained by filtering out the highest frequencies present at every scale, which is done
by approximating the signal on a set of basis functions for that scale. The first set of approximated
signal is marked as a1. The difference between the first approximation a; and the original signal s
is the detail d; (this is the high frequency components that is filtered out). To get the signal ay,
a1 is again approximated by a set of basis functions. The above procedure is repeated until level 5.
It is interesting to note that all the features of the input data in Figure 3 are now revealed in the
multiresolution representation in Figure 4. For example, d; and ds represent the Gaussian noise, ag



indicates the change in frequency, as indicates the shift in the mean, and dy4 indicates the variance
shift.

Insert Fig 4. here
Multiresolution Analysis (MRA)

Mallat [110] introduced the context of multiresolution for orthonormal wavelet bases. Mallat’s
transform allows to decompose the L?(R) (square integrable) space into a sequence of linear closed
nested subspaces with the requirements that
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which is referred to as the completeness in L?(R).
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are referred to as the scale and the shift invariance respectively (Z denotes the set of all integers).
Multiresolution decomposition takes the expansion coefficients of the approximation of the function
f at scale 7 and decomposes them into the approximation coefficients and the detail coefficients
at the next coarser scale j + 1. In other words, any function in Vjy can be represented as a linear
combination of the functions in Vi. The orthogonal complement of V,, in V11 is given by W,,. If
the wavelet spanned space is defined such that
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then
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and in general we have
Vi=Vi-1 @ Wj_1.

Thus, it can be written that
2
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The goal of the multiresolution analysis is to represent a data at different levels of resolution (scale),
in order to identify features of the data that are only noticeable at specific scales.

Wavelet as a Multiresolution Analysis (MRA) Tool

Wavelets are localized waves, continuous in time, that instead of oscillating for ever, drop to zero. A
basic requirement for a function to be a wavelet is that it should integrate to zero. Wavelets can be
smooth functions, compactly supported functions, simple mathematical expressions, or functions
associated with filters. In the Fourier analysis, functions are represented as linear combinations
of sine and cosine waves, and therefore the representations are localized in frequency, not in time.
The wavelet analysis uses linear combinations of basis functions (wavelets), localized both in time
and frequency, to represent any function in the L?(R). For example,

f(t) = linear combination of basis functions(wavelets) = Z b; kw;k(t),
gk

where j and k are dilation (or scale) and translation indices respectively, and w;;, denotes a wavelet
basis which is a collection of functions obtained by dilating and translating a scaling function ¢
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and a mother wavelet 9. By combining the scaling and the wavelet functions, we can represent any
class of signals in L?(R) as

o0

f= 3 adt-Rt S S dup(@it— k),

k=—o0 k=—00 j=0

where the indices j and k are as above, and ¢, and d;; denote the scaling and detail coefficients
respectively.

3 Structure of Multiscale Process Monitoring Algorithms

A few basic approaches used in the existing multiscale algorithms for process monitoring are shown
in Figure 5. The input data for multiscale algorithms is either univariate or multivariate, and
has one or more of the following characteristics: stationary or non-stationary, Gaussian or non-
Gaussian corrupted with random or gross errors, independent or auto/cross correlated, linear or
non-linear, and deterministic or stochastic. As a first step, many of the existing algorithms consider
pre-screening of the time domain data to look for missing data or outliers. A preliminary analysis
also reveals the extent of noise and the presence of autocorrelation in the data. The variables are
then decomposed into different scales on a set of basis functions, which are orthonormal or non-
orthonormal. The wavelet coefficients at all the scales are then denoised using either a model free
or a model based approach. In the model free approach, denoising is accomplished by thresholding
methods which are reviewed in the next section. In the model based approach, denoising is achieved
by optimizing an objective function at each scale (such as mean square error) subject to the process
model constraints. The denoising step is a crucial one, as insufficient denoising will distort the
readings during the monitoring by introducing errors, and excessive denoising will over-smooth the
sharp features of the signal by considering them as outliers. Denoising is followed by formation
of the details and the approximations, which can be monitored for significance using different
statistical process control techniques, such as Shewhart, EWMA, CUSUM, and 72 to name a few.
Some methods suggest reconstruction of the time domain signal from the wavelet coefficients of the
significant scales identified above, and application of monitoring techniques on it. This is done to
reduce type IT error. Another approach is to first reconstruct time domain signal from the denoised
wavelet coefficients at all scales along with the scaling coefficients using inverse wavelet transform,
and then statistically monitor the reconstructed data. A detailed description of the denoising and
monitoring approaches used in the multiscale algorithms are presented next.

Insert Fig 5. here

4 Multiscale Process Monitoring Without Process Models

Industrial process data is often multivariate and is generally corrupted with different forms of noise.
Therefore, it is essential that the true signal be extracted from the noisy data before monitoring
methods are applied.

4.1 Denoising

The process of removing noise with maximum retention of the underlying process information is an
important preliminary step and is referred to as data cleansing, filtering or denoising. Prior to its



removal, it is necessary to understand the nature of the contaminating noise (Bakshi [19]). Errors in
the data due to noise could be stationary or non-stationary. Based on the underlying probabilistic
distribution, noise can also be classified as Gaussian (random) and Non-Gaussian (gross). Random
noise can be further classified as white or colored based on the autocorrelation function (ACF) or
power spectrum. Examples of colored noise are: pink noise, where power decreases with increase in
frequency, and blue noise, where power increases with increase in frequency (Pandit et al. [127]).

Single Scale Denoising

Some of the traditional single scale denoising methods without process models are the linear low pass
filtering techniques, such as mean filtering and exponential filtering that work by taking a weighted
sum of previous measurements in a window of finite length (Finite Impulse Response Filter (FIR))
or infinite length (Infinite Impulse Response Filter (IIR)). Linear filters are represented as

-1
B = wimi,
i=0

where, I is the filter length and w; is a finite (FIR) or infinite (ITR) sequence of weighting coefficients
which satisfy the condition
Zwi =1.
3

The weighting coefficients (w;) are the impulse response of the filter. Some examples of linear filters
are Shewhart, MA, EWMA, CUSUM, Butterworth, and Chebyshev filters. The disadvantage of
linear filtering is that, they are single scale and have a fixed time-frequency localization, i.e., they
analyze data only at a single frequency. These filters do not perform well when the measurements
in the data are correlated and non-Gaussian distributed. This problem can be addressed to some
extent by non-linear filtering techniques such as Finite Impulse Response Median Hybrid (FMH)
filters (Heinonen and Neuvo [75]). FMH is an off-line filtering method and is more effective for
filtering piecewise constant signals.

Multiscale Denoising

In recent years, wavelet based multiscale denoising methods have gained tremendous popularity.
Potential of these non-linear filtering techniques are still being explored. Wavelets have the ability
to represent the deterministic features (spikes, shifts in mean/variance, trends) of the data with
only a small number of coefficients. The remaining coefficients represent the stochastic components.
This property is used in both denoising and in detecting features of the signals. Off-line treatment
of Gaussian errors have been proposed by shrinkage of the wavelet coefficients through hard and soft
thresholding Donoho et al. [53], Donoho [48], and Donoho and Johnstone [50], [51], [52]. Selecting
a proper threshold value is essential for effective denoising. A universal threshold suggested by
Donoho et al. [53] (Visushrink) is given by

t; = 0j1/2log(n),

where n is the signal length and o; is the standard deviation of the noise at scale j. The value of
oj is estimated from the median of absolute deviation (MAD) of the wavelet coefficients at scale j
as

1 )
O'] = mmedzanqdjak')’

where d;; are the wavelet coefficients for all £ translations at scale j. The significant wavelet
coefficients are then extracted by applying soft or hard thresholding as shown in Figure 6. At scale
j, the thresholded coefficients are determined as follows.



Hard thresholding;:

s die |djgl >t
ik = { 0 |djx <t

Soft thresholding:

g — 1 signldip)((die =1)  |djx| >t
gk 0 |dj x| <t,

where sign(d; ) is the positive or negative sign of the wavelet coefficient d;;. Hard thresholding
maintains the same value for the coefficients that exceed the threshold limits, whereas soft thresh-
olding shrinks their values towards zero by the value of the threshold limit. It has been shown that
hard thresholding can result in larger variance in the signal after reconstruction, and occasional
artifacts that can roughen the appearance of the reconstructed signal. However, they can better
represent peaks and discontinuities. Soft thresholding on the other hand has larger bias but gives
better visual quality of filtering. To compromise the trade-offs between variance and bias, a firm
thresholding was suggested (Bruce and Gao [29]), which requires two threshold values and thus
more computation. In practice, the universal threshold tends to oversmooth and depends only on
the data through the o; estimate. In fact, for large samples the universal threshold will not only
remove almost all the noise but also a portion of the underlying deterministic signal. In order to
improve the properties of universal threshold, Donoho and Johnstone [50] suggested the retention
of coefficients of the first jy, coarse levels irrespective of whether they fall within the threshold or
not. However, the choice of jy affects the mean squared error performance and the choice must be
based on the smoothness of the underlying signal (Abramovich and Benjamini [2], Marron et al.
[113], Hall and Patil [69], [70], Efromovich [56], and Hall and Nason [68]).

Insert Fig 6. here

Various data adaptive thresholding rules have also been developed. These include SUREshrink,

which is based on minimizing Stien’s unbiased risk estimate (Donoho and Johnstone [49]), Riskshrink,
which minimizes the mean square error (Donoho and Johnstone [50], [51]), and cross validation ap-

proach, which divides the measured data into sets of training and testing data and selects the

threshold that minimizes the error for testing data (Nason [120], Weyrich and Warhola [164],

Jansen et al. [82]). A multiple hypothesis testing approach to thresholding has been exploited by

Abramovich and Benjamini ([2], [3]) and Ogden and Parzen ([124], [125]). Also level dependent

thresholding and block thresholding give better asymptotic properties of the resulting wavelet esti-

mators and are effective in dealing with autocorrelated measurements (Donoho and Johnstone [51],

[52], Hall et al. [66], Cai and Brown [32], and Cai [31]).

Off-line treatment of Gaussian error is also done through translation-invariant (TI) filtering (Coif-
man and Donoho [41], Mallat and Zhong [112], and Liang and Parks [100]). This method requires
a batch size of dyadic length 27 and also suffers from end effects, such as artificial discontinuities,
as it considers the signal to be cyclic. This problem is overcome in boundary corrected translation
invariant (BCTI) filtering, which does not consider the signal to be cyclic. This approach uses a
moving window of dyadic length in which the data is filtered and then the filtered data is averaged
from all windows (Bakshi and Nounou [18], [19]). However, none of these methods are suitable for
on-line denoising. This is due to the non-causality of most wavelet filters which introduces a time
delay in the computation of the coefficients. This delay increases at coarser scales.

Off-line treatment of non-Gaussian errors (outliers) have also been carried out by multiscale median
filtering, which was addressed by Bruce et al. [28], and Neumann and Von Sachs [121]. This method
removes outliers of size one but repetitive application of the median filtering is needed for removing
outliers of longer durations. A description on the selection of the median filter length can be



found in Bruce and Gao [27] and Bakshi and Nounou [18]. The BCTI procedure may be extended
to include elimination of non-Gaussian errors by combining with the multiscale median filtering
(Bakshi and Nounou [19]).

The above methods have been extended to the on-line treatment of Gaussian and non-Gaussian
errors, both separately and in a combined manner by on-line multiscale filtering (OLMS) (Bakshi
and Nounou [18], [19]), Bakshi [17]). In this method the measured data is decomposed within a
moving window of dyadic length using a boundary corrected wavelet filter. The wavelet coefficients
are then thresholded and the signal is reconstructed. Only the last data point of the reconstructed
signal is retained for on-line use. When new data points are available the window is moved to
include the latest data point while maintaining the maximum dyadic window length. Similar to
the off-line BCTI technique, the OLMS procedure can be extended to include non-Gaussian errors
by combining it with multiscale linear filtering. An automatic threshold selection method has been
discussed in Roy et al. [134]. This involves differentiating the signal first, followed by its wavelet
decomposition. A plot of the power at different dyadic scales indicate the scales at which the power
due to noise falls off rapidly. Identifying the scale j,, at which the power reaches the minimum
allows resetting of all the coefficients from scale 1 upto scale j,, to zero. Some other thresholding
methods can be found in Hall et al. [67], and Sachs and Schneider [137].

4.2 Monitoring

After removal of noise from the data, several monitoring schemes can be applied to detect features
of the data. The monitoring schemes can be broadly classified into single scale and multiscale
methods.

Single Scale Monitoring

The research literature contains several single scale approaches to analyze multivariate data, e.g.,
Hotelling’s T2 ([77]) which is a Shewhart type control chart, multivariate EWMA (Lowry [104]),
multivariate CUSUM (Crosier [43], Pignatiello and Runger [129]), multivariate control charts based
on regression adjustments (Hawkins [72], [73]), and a quality index based on data depth Liu [102]).
Hyter and Tsui [74] presents a method that uses simultaneous confidence intervals for the vari-
able means by evaluating the empirical distribution of the means. These multivariate monitoring
techniques are reasonably effective as long as the number of process variables is not very large.
However, for industrial processes with many variables, the average run length (ARL) performance
value of these charts increase with the increase in the number of variables. Often the variability
in the process is not equally distributed and maximum variability is found in a relatively small
subset of the original variables. To deal with such situations, process monitoring is often preceded
by methods such as CVA, PLS and PCA. Canonical Variate analysis (CVA) is an identification
method based on statistical analysis of input-output data (Anderson [8]). Latent structure methods
such as principal components analysis (PCA) and partial least squares (PLS) have been used to
determine the directions of movement of the process. This helps in the removal of cross correlation
between variables and also in the reduction of the dimensionality of the problem. Conventional
PCA (Jolliffe [87]) requires the data to be normally distributed and also time independent. It works
by finding linear combinations of variables that determine the major trends in the process. For a
data matrix x, of size n X P with a known covariance matrix 3, where n is the number of samples
for each variable and P is the number of variables, the principal component scores z is given by

z=Ax,



where A’ is the orthogonal matrix whose k' column (ay), is the k** eigenvector of =. Moreover,
A'SA =A,

where A is a diagonal matrix, whose k*" diagnonal element is A\, the k** eigenvalue of ¥, and
Ak = var(zx) = var(oyx). Since much of the industrial data is non-Gaussian and autocorrelated
with non-linear relationship between variables, many variants of the PCA technique have been
developed, such as PCA for autocorrelated data (Mastrangelo et al. [115]), non-linear PCA (Kramer
[93], Dong and Mcavoy [47]), dynamic PCA (Kresta et al. [94], Ku et al. [95]), adaptive PCA/PLS
(Dayal and MacGregor [46], Rosen and Lennox [133]), multiblock PCA (Wold [166], MacGregor
[108]), multiway PCA /PLS (Wold [165], Nomikos and MacGregor [122]), moving PCA (Kano et al.
[88]), Bayesian PCA (Bishop [25]), and probabilistic PCA (Bishop [25], Cho and Zhang [38]). The
outputs of PCA model are the principal loadings and the principal component scores along these
loadings. For monitoring a process with PCA applied on the data, two types of control charts are
popularly used. These are the Hotelling’s 72 and the Q statistics. The T2 statistic is the sum of
normalized squared scores, which is given as follows.

where Tf is the T2 value for the i** row of measurements, t;j is the score corresponding to ith row
and j* loading, p is the number of loadings selected, and Aj is the eigenvalue of the 4% loading.
Thus the T2 statistic captures the variations in the score space. @ is the sum of squared errors
(also referred to as squared prediction errors, SPE) in the residual space, which is a measure of the
amount of variation not captured by the PCA model. The statistic for the i*» row is calculated as

P
Qi = (zi5 — 2i5)%,

J=1

where Z;; is the predicted value of x;;. Non-parametric density estimation based control limits are
employed instead of T2 and Q statistics in situations where the scores do not follow multivariate
normal distributions (Shao et al. [139], Fourie and Vaal [59]). All of the above mentioned PCA
approaches have been used for single scale multivariate data analysis and some of them have
been extended to multiscale analysis. Several other papers on both parametric and non-parametric
approaches to single scale multivariate process control procedures exist in literature, such as Alloway
and Raghavachari [5], Alt [6], Lowry and Montgomery [103], Mason et al. [114], Kourti and
MacGregor [92], Raich and Cinar [132], Timm [149], Hackl and Ledolter [65], [64], Simoglou et al.
([141], [140]), Dunia and Quin [55], Runger [135], and Amin et al. [7].

Single scale monitoring approaches have many limitations and some of these are reviewed here.
As stated earlier, single scale monitoring approaches are suited to detect specific types of process
disturbances (e.g., Shewhart chart is used in the detection of large shifts, whereas MA, EWMA
and CUSUM are more suited for detecting small shifts). One way to overcome this problem is
by using a combination such as Shewhart-CUSUM (Lucas [105]), and Shewhart-EWMA charts.
Another limitation of the single scale monitoring approaches is their ineffectiveness in controlling
autocorrelated data. A common approach to dealing with autocorrelated measurements is to ap-
proximate the measurements as a time series model and monitor the residual error. Alternatively,
a batch means approach has also been suggested (Runger and Willemain [136]). However, as the
number of process variables increase, these approaches are not practical and they lack multivariate
extensions. Similarly, for single scale multivariate process monitoring, where PCA is used, one of



the shortcomings is the limited ability of the PCA method to reduce the error by eliminating some
principal components. Due to this limitation, some errors usually leak past into the model. Single
scale multivariate methods also suffer from the fact that the data along each principal component
is monitored using single scale charts. Most of the above limitations may be overcome by the use
of multiscale approach to process monitoring.

Multiscale Monitoring

In recent years there have been considerable developments in the use of wavelet based multiscale
analysis methods. Signal processing, image processing, and data compressions are three areas
where wavelet methods have already proved to be of significant value. A good review of the lit-
erature on wavelet applications can be found in Meyer [116], Mallat [110]. Though there are not
many applications of multiresolution analysis in the area of process monitoring, the research is
picking up in this area and its potential to contribute in the development of process monitoring
tool is still largely unexplored. The first definition of wavelets can be attributed to Morlet [119].
Meyer [116] developed wavelets with infinite support and exponential decay. The work done by
Meyer is regarded as the theoretical breakthrough in wavelets. Mallat [110] and Meyer [116] devel-
oped orthonormal wavelet bases functions in a general framework called multiresolution analysis.
Daubechies [45] derived wavelet bases that have compact support. The Daubechies wavelets are
the most widely applied wavelet families. These developments have made wavelet methods more
suitable in analyzing various signals or processes.

Recent research has shown the ability of wavelets to analyze process data at multiple scales. It
was shown that wavelet decomposition can approximately decorrelate the measurements when they
are autocorrelated. The idea of detecting changes in signals using wavelet transformation was first
developed by Grossman et al. [63]. Mallat and Zhong [112] had applied wavelet transformation
to detect change points (inflexion points, discontinuities). Jump and sharp cusp detection and
edge detection by wavelets were studied by Wang [163] and Song and Jutamulia [143] respectively.
Process operating region recognition was examined by Zhao and Jin [167]. Mallat and Hwang [111]
have shown that the local maxima of the wavelet transform are used in detecting irregular properties
of the signal. Cheung and Stephanopolous [36] developed a methodology for representing process
trends. This method describes the qualitative and quantitative features of a signal. Bakshi and
Stephanopolous [23] developed a methodology to extract features at multiple scales using wavelet
approach. They made use of wavelet interval trees to extract stable trends at multiple scales,
based on which they developed a methodology for fault diagnosis and pattern based supervisory
control (Bakshi and Stephanopoulos [24]). Safavi et al. [138] developed a wavelet based density
approach to monitor a process whose parameters are unknown. Himmelblau et al. [76] applied
wavelet approach to detect faults in sensor signals. Jin and Shi ([83], [84]) developed a feature-
based diagnostic method using wavelet analysis to monitor in-process sensing data. A few other
wavelet based process monitoring applications that have come to our attention are Ibrahim et al.
[79]), and Pal [126].

Multiscale statistical process monitoring has been applied to both univariate and multivariate pro-
cess data. In the case of a univariate process, the time domain data is wavelet decomposed into
coefficients at each scale, which are then denoised using the thresholding rules discussed earlier.
The details and approximation are derived from the thresholded coefficients and conventional SPC
techniques are used to monitor them. The time domain data is then reconstructed from the thresh-
olded coefficients of the significant scales. The reconstructed data is monitored using conventional
SPC techniques (Bakshi [17], [16]). A few examples of the application of multiscale analysis to
univariate data are as follows. A sensor fault detection method using Dynamic PCA (DPCA) (Luo
et al. [106]) uses Daubechies wavelet to denoise and reconstruct autocorrelated dynamic data.
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Before application of DPCA, the wavelet coefficients are checked for normality by the quantile-
quantile plot and the Shapiro-Wilk test. The autocorrelation is checked by plotting the correlation
for different lags and by the Durbin-Watson test. 72 and @Q charts are then used for charting the
details. Generally 95% or 99% confidence limits are assumed to determine the control limits of
the charts. A varying confidence limit as suggested by Bakshi [15] based on Bonferroni’s inequal-
ity is used for methods employing level dependent thresholding of wavelet coefficients. Luo et al.
[107] present a method that detects a high frequency sensor fault by monitoring the changes in the
local energy, which is a reflection of the difference in the values of the peak power spectrum den-
sity. A non-parametric process monitoring scheme using wavelet decomposition was examined by
Venkataraman [156]. Multiscale Kalman filtering (Chao et al. [39]) has been extended to both uni-
variate and multivariate process monitoring. Several other univariate applications in manufacturing
and other fields are summarized in Section 8.

Multiscale principal components analysis (MSPCA)(Bakshi [15]) is among the recent multivariate
multiscale statistical process control (MSSPC) approaches without process models. MSPCA uses
wavelet decomposition to approximately decorrelate the autocorrelated data, and also uses linear
PCA to remove the cross correlation among the multivariate data. The method works as follows.
Each variable is first wavelet decomposed and the wavelet coefficients are thresholded. The wavelet
details are obtained at each scale from the thresholded coefficients and PCA of the wavelet details of
all variables is done for each scale. A subset of significant principal component loadings are selected,
and usually the same number of loadings are selected for each scale. The PCA scores along these
loadings are calculated. The scores are then monitored using 72 and @ statistics to determine
the significant scales that show process disturbances. Any disturbance (due to process shift or
adjustment) in the data is first noticed at the finer scales, and if the change persists, the coarser
scales detect it too. The scaling function coefficient of the coarsest scale is the last to detect, since
it is obtained last in the decomposition process. To overcome this delay in detecting a disturbance,
the multiscale methods usually monitor the reconstructed data. The reconstruction of the data in
the time domain is done from the thresholded wavelet coefficients of the significant scales. This is
followed by PCA of the reconstructed multivariate data by combining the covariance matrices of
the significant scales. Principal components and scores are then calculated for the reconstructed
data, and are monitored using 72 and @ charting techniques. Thus, the MSPCA approach not only
extracts the significant signal features and monitors them but also adapts to the nature of the signal
features. An application of this approach to fault detection in industrial boilers can be found in
Misra et al. [118]. This approach has been further extented into a nonlinear MSPCA (NLMSPCA)
for process monitoring and fault detection (Shao et al. [139], Fourie and Vaal [59]). These authors
have used an input trained neural network to extract the latent non-linear structure from the PCA
transformed data set. Bivariate plots with both non-parametric and parametric control limits were
used to monitor the output of the neural network. Differential and residual contribution plots were
also used to relate a defect to the responsible variable. Multiscale moving PCA (MS-MPCA) and
multiscale degree of dissimilarity (MS-DISSIM) between data sets to detect abnormal operation
are also available in the literature (Kano et al. [88]). The former method is based on the idea
that changes in correlation among process variables can be detected by monitoring the directions
of principal components, and the latter monitors a distribution of time series data, which reflects
the corresponding operating condition. For moving PCA, the index A;(t) is calculated as

Ai(t) =1 — |wi(t) wiol,

where w;(t) denotes the ith principal component (PC) calculated at time ¢, and wjg is the reference
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of the ith PC. The dissimilarity index is given by
4 P
=5 Z (Aj — 0.5)?

where P is the number of variables and A; is the eigenvalues of the covariance matrix of the
transformed data matrix. An integration of multiresolution analysis (MRA) and adaptive PCA
for non-stationary processes was proposed by Rosen and Lennox [133]. A multivariate multiscale
nonparametric process control (MMNPC) procedure was examined by Lerin [97] for Gaussian data.
Some of the methods discussed above have been extended to on-line monitoring with certain mod-
ifications. These modifications are discussed in Subsection 6.5.

In the next section, a brief review of the model based multiscale process monitoring is presented.
Since denoising is the first step before performing an efficient process monitoring, several model
based denoising approaches are also reviewed.

5 Multiscale Process Monitoring With Process Models

Many steady state or dynamic, and linear or non-linear processes exist in real world that are
multivariate in nature. The information about the nature of these process variables is often available
or can be obtained from historical data. The information is either an empirical model or a theoretical
model relating the process variables. Such process information has been used in developing methods
for denoising and monitoring.

5.1 Model Based Denoising

Several single scale model based denoising methods exist in the literature. Model based denoising
of random errors is often referred to as data reconciliation. This involves the optimization of an
objective function, such as minimization of the mean square error given by

min(y; — §:)" Q<" (yi — §i),

Yi

subject to the process model as the constraint (Bakshi [17]). In the above, §; is the rectified value,
y; is the original value, §j; is the noise-free value of the variable 7, and Q. is the P x P covariance
matrix of the errors for the multivariate data with P variables. The general optimization problem
for data rectification is

mind(Y,Y),
Y
subject to
f(dY/ds,Y,...,U,t) = 0,
h(Y, 1) = 0,
g(Y,1) > 0,

where @ is the objective function, Y is the n x P matrix of n samples of P variables, U is the
matrix of inputs, Y the matrix of noise-free variables, and Y is the matrix of rectified variables.
The process model is represented by f, the equality constraints by h and the inequality constraints
by g. Other model based denoising approaches for Gaussian and/or gross errors include maximum
likelihood data rectification (Johnston and Kramer [86], Tjao and Biegler [150]), weighted least
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squares estimation (Mah [109]), matrix rectification with linear and with non-linear constraints
(Crowe [44], Veverka [158]), adaptive denoising using time dependent thresholds (Vidakovic and
Lozoya [159]), Kalman filters for linear dynamic processes (Gelb [61], Sorenson [144]), extended
Kalman filter or constrained non-linear programming for non-linear processes (Islam et al. [81],
Lieberman and Edgar [101]), dynamic data rectification using expectation maximization algorithm
(Singhal and Seborg [142]), sequential modular approach (Chiari et al. [37]), hypothesis testing
to detect outliers and generalized likelihood ratio approach for gross errors (Mah [109]), principal
components analysis (Tong and Crowe [151]), robust reconciliation methods for dynamic processes
(Albuquerque and Biegler [4], Kim et al. [91]), recurrent neural networks (Karjala and Himmelblau
[90]), and Bayesian methods (Azimifar et al. [14], John et al. [85], and Bakshi [17]). Among the
methods mentioned above, Bayesian methods have found many recent applications and are still
being explored.

The Bayesian approach relies on the prior probability distribution function as a source of informa-
tion about the underlying nature of the process variables (Bakshi [17]). It maximizes the probability
of the rectified variables given the measured data, ( ), defined as

C ) (O)
()

where () is referred to as the prior and gives information about the nature of the rectified
variables. The term ( ) is called the posterior and represents the probability distribution after
the measurements have been collected, and the term  ( ) is the probability distribution of the
contaminating errors. Variety of methods have been devised for estimating the prior probability
distribution (Bakshi et al. [21]). The above method is best suited for Gaussian priors and noise, and
the mean square error between noise free and rectified measurements can be obtained even before
rectifying the data. However, for data with Gaussian and non-Gaussian errors, a weighted sum
of broad and narrow Gaussian probability distribution (Tjao and Beigler [150]) is recommended,
which is rectified using a quadratic or non-linear method.

In addition to the above, data rectification of non-linear dynamic system using Bayesian inference
together with multiresolution analysis ( ngarala and Bakshi [152]), and weighted bootstrap meth-
ods (Chen, ngarala and Bakshi [34]) have been formulated. These methods do not rely on the
assumptions of uniform or Gaussian distributed prior because non-linearity causes the distributions
to evolve over time.

In recent years wavelet based multiscale methods have increasingly been used in model based data
rectification studies. A few examples of these methods are Bayesian wavelet denoising (Leporini
and esquet [96]), Bayesian and error-in-variables (EIV) for linear dynamic processes ( ngarala and
Bakshi [153]), and multiscale Bayesian rectification (Bakshi et al. [21], Bakshi [17], [16]). igueiredo
and owak [58] suggested a new Bayes wavelet based denoising rule using a non-informative Jef-
frey s prior and showed that this approach outperforms both Visushrink and Sureshrink methods.
In the EIV approach, a linear dynamic model is used to constrain the Bayesian optimaization prob-
lem. This method decomposes each variable and rectifies it based on the probability distribution
of the coe cients, thus removing errors at each scale while satisfying the dynamic model. The
constrained optimization problem is solved at each scale allowing the use of scale varying prior
distributions. In the multiscale Bayesian approach (Bakshi [17]) each variable is decomposed on
a selected family of orthonormal wavelet basis functions. The wavelet coe cients at each scale
are rectified based on the Bayes prior and noise probability distribution at that scale. If the noise
and prior are Gaussian distributed, then the method performs e ciently using a closed form solu-
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