Richardson’s Extrapolation Formula for Trapezoidal Rule
The true error in a multiple segment Trapezoidal Rule with n segments for an integral
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is given by
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where for each i, 
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 can be viewed as an approximate average value of 
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.  This leads us to say that the true error, Et in Equation (2)
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in estimate of the integral 
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 using the n-segment Trapezoidal Rule.

Table 1:  Values obtained using multiple segment Trapezoidal rule for 
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	n
	Value
	Et
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	1
	11868
	-807
	7.296
	---

	2
	11266
	-205
	1.854
	5.343

	3
	11153
	-91.4
	0.8265
	1.019

	4
	11113
	-51.5
	0.4655
	0.3594

	5
	11094
	-33.0
	0.2981
	0.1669

	6
	11084
	-22.9
	0.2070
	0.09082

	7
	11078
	-16.8
	0.1521
	0.05482

	8
	11074
	-12.9
	0.1165
	0.03560


Table 1 shows the results obtained for the integral using multiple-segment Trapezoidal rule
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The true error for the 1-segment Trapezoidal rule is -807, while for the 2-segment rule, the true error is -205.  The true error of -205 is approximately a quarter of -807.   The true error gets approximately quartered as the number of segments is doubled from 1 to 2.  Same trend is observed when the number of segments is doubled from 2 to 4 (true error for 2-segments is -205 and for four segments is -51.5).  This follows Equation (3).


This information, although interesting, can also be used to get better approximation of the integral.  That is the basis of Richardson’s extrapolation formula for integration by Trapezoidal Rule.

The true error,
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, in the n-segment Trapezoidal rule is estimated as
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(4)

where 

C is an approximate constant of proportionality.

Since
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where
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 = approximate value using n-segments.

Then from equations (4) and (5), 
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If the number of segments is doubled from n to 2n in the Trapezoidal rule,



[image: image21.wmf](

)

n

I

TV

n

C

2

2

2

-

@








(7)

Equations (1) and (2) can be solved simultaneously to get
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Example 1
The vertical distance covered by a rocket from 
[image: image23.wmf]8

=

t

 to 
[image: image24.wmf]30

=

t

 seconds is given by
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a) Use Richardson’s extrapolation to find the distance covered.  Use the 2-segment and 4-segment Trapezoidal rule results given in Table 1.

b) Find the true error, Et for part (a).
c) Find the absolute relative true error for part (a).

Solution

a)
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Using Richardson’s extrapolation formula for Trapezoidal rule
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and choosing n=2, 
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b) The exact value of the above integral is
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so the true error
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c) The absolute relative true error, 
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, would then be
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Table 2 shows the Richardson’s extrapolation results using 1, 2, 4, 8 segments.  Results are compared with those of Trapezoidal rule.

Table 2:  Values obtained using Richardson’s extrapolation formula for Trapezoidal rule for 
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