Question

At a point in a loaded member, the stresses relative to an x,y,z coordinate system are

60 20 10
givenby| 20 —-40 -5| MPa. Calculate the magnitude and direction of maximum
10 -5 30

principal stress.

Solution
ox = 60MPa, oy = -40 MPa, o, =30 MPa; 1= 20 MPa, 1y, =10 MPa, ty,= -5 MPa;
Let us denote the normal stresses in the x, y, z direction as o, o, o respectively
and let the corresponding shear stresses be z,, z.,, ., respectively.
We first find the stress invariants, I;, [,,and I3
L= ot ot o
= 60+(-40)+30
=50
L=(0xx Oy)+(0y X 62 +H(Oy X 6,)-(Thy + Tz tTy2)
= 60 x (-40)+(-40) x 30+(-40) x (30)-(20% + 10 + (-5)?)
=-2325 MPa’
60 20 10
I,=120 -40 -5
10 -5 30

=-83500 MPa’
Now, we write the Equation (1.28) from the text which when solved would give us three
principal stresses
O_fy_llo_i—i_lzo_p_l?): 0
.. o9—500%—232545,+83500 =0

Now, to solve this cubic equation, we use Newton-Raphson’s Method, we assume an
initial value for &, and then using

o= oy 1P

/(o))
Here,
f(o,)=0%-500%—23255,+83500
And

f(c,)=305%-100¢, - 2325



Let us start with an initial value of 60,

_ _gg_ = 20000
"0, 2475
~ 68.0808

Now, we will repeat the above exercise with a value of 68.0808.This is continued up till
the absolute relative percentage error, is lesser than a fixed allowable tolerance value say

0.005%, where the absolute relative percentage error, | & |
0-p|new - 0-p|old
O-p|new

Ultimately, this gives us a value of 66.0611 MPa
Now, we do polynomial division in order to get a quadratic equation, which will
be solved later to give the other two factors.
o.-50 0, ~ 2325 +83500
- o, 66.0611

x 100

a

= o, +16.06 5 —1264

Now, we solve this quadratic equation O—i +16.06 o, —1264 = 0to get

_—B t4B*-44C
Tr= 24
_ —(16.06) £+/(16.06)?— 4x1x (~1264)
Tr= 2x1
 —16.06+72.896
or= 2x1

-0, = 28.41MPa, -44.478 MPa
We note that the maximum of the three principal stresses is o, = 66.061 MPa

Now, in order to find its direction, we need to find its direction cosines, /, m and n.
We expand the first two rows of the matrix

ox—0p Ty Txz [ 0
Ty  Oy—0p Ty ||Mm|[=|0
Txz Ty  o:—op|n 0
60 — 66.061 20 10 [ 0
20 —-40-66.061 -5 m|=|0
10 -5 30-66.061 n 0



From the first two rows, we get:
—6.061/+20.m+10.n =0 (1)

20/ —106.06m —5n =0
)
And the third equation is obtained from the geometric condition that
P+m*+n’=1 3
This is done so as to avoid getting a zero solution for /, m and n.
First, we eliminate » from (1) and (2)

33.9397 —-192.12;; =0 4)
Now, we eliminate m from (1) and (2)
—247.72] +960.06n =0 (5)

Now, substitute values of m and = in terms of / from (4) and (5) into (3) to get:
12 +(0.17667)° + (0.258])° =1

which gives
/| =0.954

put this back in equations (4) and (5), to get:
m =0.168

n =0.246
Maximum principal stress is 66.061 MPa, and its three direction cosines /, m and » are
0.954, 0.168 and 0.246, respectively.



