Problem: Find the stress state in a plate with a circular hole of radius a.
The plate is subjected to a simple tensile stress of o, .
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Solution:
The boundary conditions for the problem are
On the edge of the hole at r = a,

c,(a0)=0, 0<£0<2n @
1,(a,0) =0, 0<0<2n

and on the edges of the infinite plate, that is r — o (X — o0,y — o)

At the right and left edges
O_xx(xv y) = O-O'X — Foo

Ty (X, y)=0,Xx—> 10

At the top and bottom edges
0, (X%Yy)=0,y = to0

_ (b)
Ty (X, y) =0,y — Fo0
The solution to the problem of a plate with no hole is given by the stress function
1
b= Ecoy
‘ ®
b= chor2 (1- cos 20)

Hence the stresses in the problem of a plate with no hole subjected to a uniaxial tensile
stress is



o, = %ao (1+cos26)
1
o, = an (1—cos26), 2

T,y = —%60 sin 20

The above will be the stress state far from the center of the hole. Hence, the stress
function can be assumed to be of the form

¢ =f,(r) +f,(r) Cos20

Hence V*¢ =0 gives

V*[f,(r) +f,(r) Cos26]=0 (3)
V*,(r) + V*[f,(r) Cos20]=0

Since the first term does not include “ 0’ terms and the second term does,

V4, (r)=0
4 (4)
V*[f,(r)Cos26] =0
respectively, give
2 2
d_z_f_li d Il +l% =0
dr® rdr){ dr r dr
(5)

d> 1d 4 de2 1df, 4f,
St ||zt ——=|=0
dr rdr r dr r dr r

The above two linear ordinary differential equations have the solution respectively as
f=cr’Inr+c,r’+c,Inr+c,

C
— 2 4 7
f,=cr +cgr +r_2+C8

Using ¢ =Tf,(r) +f,(r) Cos26 and the stress-Airy Stress Function relationships
2
o 100, 1 0%
ror r? 00?
_%%

o (6)
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__0(1a
= ar(r aej ()

we get

o, =¢c(1+21In r)+202+:—§—(2c5+%+%jc0520

Cs 2, B¢,
o,=¢/(3+2In r)+202—r—2+ 2¢, +12¢,r +r_4 cos 26 (8)
T,y = (ZCS +6c,r° —%—%}sin 20

As r — oo, that is the far away from the hole, the stresses are

o, =C,(1+2Inr)+2c, — 2c, Cos20
o, =¢,(3+2Inr)+2c, + (205 +12c6r2)cos 20 9)
7., = (2¢, +6c,r?) Sin26

Looking at the far field stress, that is the stresses far way from the center of hole given by
Equation (2) gives ¢; =0 and ¢ =0 (since as r — oo, Inr — o0, 1> — ) .

From the boundary conditions (Equation (a)) at r = a give
% ﬂ:o’ 2C5—6C7 —ﬁ:

c
2Cc, +— =0, 2C. + + T 0
2 a2 5 a.4 a2 a4 a.2

From the stress state far away from the center (Equation (2))

c,=
(e}
C,=—>
4
c, =-2C,a° =——2a’
(e}
Cg=——"
4
ce =0



Cc —a4
)
Cy =—a

From Equation (8), the stress state then is




Appendix A

Question:

How does V*f, (r) = 0 give the solution as f,(r) =c,r’Inr+c,r* +c,Inr+c,?

Answer:
V“fl(r) =0 (A-1)

[i+1a 152Mi 10 10°

S +S =+ |f,(1)=0
ot ror r?oe? )l ror rzaezjl()

(A-2)
0° 10 1 0* \[(o*, 1of 10
et T o ; ot |=0
o ror r°oo or ror r° o0
Since fy(r) is a function of ‘r’ only,
o%f, 0
00°
o> 10 1 0% (o, 16f
—t——t—— +——=1=0
o> ror r?e0* Jlar® ror
(A-3)

AT LS (1), 10(40), 1 2 (120
ot ror® r?o0%r* or’\r or rz o0%\r or

Since f; is a function of ‘r’ only,
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a“f1+163fl+ _i82f1+183f gi_iazfl +i52f1_i5_f1_0
ot rord r2or? ror* rPor r?oor? r2 o2 r*or
o'f, 28%, 10°f, 1 éf

‘ R S . A-4
ot ror® r2or® rdor (A-4)
df, 20, 1d°f, 1df
dr* r dr r? dr 3 dr
Assume r = ¢' (A-5)
Thent=Inr (A-6)

df, _df, dt _1df,

dr dtdr rdt

dzf1 d (df} d (1dfj_i d? f1 df,
dr2  drldr) drlir dt 2\ dr2  dt
Similarly

d3f1:i d3f1_3d2f1+ df,

dr*  r*| dt® dt? dt

d*f, _ (df g4’ 4%, df]

4 11 2
dr dt*  dtt T dt* o dt

Substituting these in the expression (A-4) gives
4 3 2 3 2 2

%djl—Gd Il+11d :1_60” 21 d:l_3d Il+ df, _izizdl; df, +%1£=0

r*{ dt dt dt dt rré| dt dt dt ) rPr?ldr dt r dt

d*f ds f, d?f
i tae e O (A7)

This is a linear ordinary differential equation but with fixed constants. The characteristic
equation then is:



m* —4m® +4m’ =
mz(m2 —4m+4):
m*(m—2)m-2)=

o

o ©

So

m =0, 0, 2, 2 are the roots of the characteristic equation.

f =cte* +ce® +ct+c,
f.(r)=c(nr)r’ +c,r* +c,Inr+c,

(A-8)
f.(r)=cr’Inr+c,r* +c,Inr+c,

Here is another way to solve equation (A-4)

The above expression is same as
2 2
d_2+1£ d :14_&% =0
dre ror){ dr rdr
2
LA/ d)(d )
rdr dr){ dr r dr
2

i(riJ a’f, 1dh)_,
dr dr)\ dr* rdr
Integrating both sides
( dj d*f, 1df,

r— S t-—|=q,

dr){ dr r dr

d (d*f, 1df,) a,
_ 4+ | =—
dr{ dr® rdr r

Integrating both sides




d’f, 1df,

5 +=—t=a,Inr+a,
dr rdr
1d df
=a,Inr+a,
rdr dr

d df
=a,rinr+a,r
dr dr

Integrating both sides

df —=a ﬁInr—1 +a ﬁ+a
1 2 4 2 2 3

dr

df, r 1 ra,
—=a,|=Inr—-—|[+a,-+—
dr 2 4r 2 r

a,(r? a ?
f,=-"> LA ——1Inr+a2r—+a3Inr
2\ 2 4 4 4

Integrating both sides
2

a a r’ a
f,==2(r’Inr)+| -2 +a, [Inr+a, ———=*
' 4( )[ 4 3} 4 8
f,=cr’Inr+c,Inr+c,r’ +c, (A-9)

The above expression is same as obtained in expression (A-8).

Exercise: How does V*[f, (r) Cos26]=0 give the solution

c, .
f,(r)=cor®+c,r* +-L + c,. Hint:  Follow the same procedure as given for V*f,(r) =0
r?

and assume f,(r) = ZAnrn as the solution. What do you get for values of A,?

N=—o0

Exercise: Why could I not chose f,(r) = ZAnr” for solving V*f,(r)=07?

nN=—o
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