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Questions to have been asked 
and to ask?
 What is LU decomposition method?
 How do we decompose a coefficient matrix 

to LU?
 LU decomposition method looks so much like 

Naïve Gauss elimination, what gives?
 How do we use LU decomposition method to 

find inverse of a matrix?

Reviewing the LU Decomposition 
example

25 5 1
64 8 1

144 12 1
 
𝑥ଵ
𝑥ଶ
𝑥ଷ

ൌ
106.8
177.2
279.2

25 5 1
64 8 1

144 12 1
ൌ

1 0 0
2.56 1 0
5.76 3.5 1

 
25 5 1
0 െ4.8 െ1.56
0 0 0.7

1 0 0
2.56 1 0
5.76 3.5 1

𝑧ଵ
𝑧ଶ
𝑧ଷ

ൌ
106.8
177.2
279.2

gives 
𝑧ଵ
𝑧ଶ
𝑧ଷ

= 
106.8

െ96.208
0.76

25 5 1
0 െ4.8 െ1.56
0 0 0.7

𝑥ଵ
𝑥ଶ
𝑥ଷ

ൌ  
106.8

െ96.208
0.76

gives 
𝑥ଵ
𝑥ଶ
𝑥ଷ

ൌ
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LU Decomposition Method

[A][X] = [C]       

1.Decompose [A] into [L] and [U]
2.Solve [L][Z] = [C] for [Z]  by using 
forward substitution
3.Solve [U][X] = [Z] for [X] by using back 
substitution
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Every A matrix that has inverse can be 
decomposed to LU or PLU

THE END

Is LU Decomposition better than 
Gaussian Elimination?

Naïve Gaussian Elimination
[A][X] = [C]       

1.Conduct forward elimination to get 
[U][X] = [Z] 
2. Conduct back substitution to solve 
[U][X] = [Z] for [X]
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LU Decomposition Method
[A][X] = [C]       

1.Decompose [A] into [L] and [U]
2.Solve [L][Z] = [C] for [Z]  by using 
forward substitution
3.Solve [U][X] = [Z] for [X] by using 
back substitution

Is LU Decomposition Method better than 
Gaussian Elimination Method?

Solve ሾ𝐴ሿሾ𝑋ሿ ൌ ሾ𝐵ሿ

𝑇 = clock cycle time
𝑛 ൈ 𝑛 = size of the matrix
𝐶𝑇= computational time

LU Decomposition MethodsNaive Gauss Elimination Method

Decomposition to LU

𝐶𝑇|஽ா ൌ 𝑇
8𝑛ଷ

3 ൅ 4𝑛ଶ െ
20𝑛

3

Forward Substitution
𝐶𝑇|ிௌ ൌ 𝑇 4𝑛ଶ െ 4𝑛

Back Substitution
𝐶𝑇|஻ௌ ൌ 𝑇 4𝑛ଶ ൅ 12𝑛

Forward Elimination

𝐶𝑇|ிா ൌ 𝑇
8𝑛ଷ

3 ൅ 8𝑛ଶ െ
32𝑛

3

Back Substitution
𝐶𝑇|஻ௌ ൌ 𝑇 4𝑛ଶ ൅ 12𝑛

Is LU Decomposition better than 
Gaussian Elimination?

To solve [A][X] = [B]
Time taken by methods

𝑇 = clock cycle time and 𝑛 ൈ 𝑛 = size of the matrix

So both methods are equally efficient.

LU DecompositionGaussian Elimination

𝑇
8𝑛ଷ

3 ൅ 12𝑛ଶ ൅
4𝑛
3 𝑇

8𝑛ଷ

3 ൅ 12𝑛ଶ ൅
4𝑛
3

THE END
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Truss Problem

http://nm.mathforcollege.com

Finding the inverse of a square matrix

[B] is inverse of a square matrix [A] if

[A][B] = [I]   OR [B][A] = [I] 

Two ways to show what inverse 
means?
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𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ
𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ
𝑎ଷଵ 𝑎ଷଶ 𝑎ଷଷ

ൌ
1 0 0
0 1 0
0 0 1

𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ
𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ
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  ൌ
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Finding the inverse of a square matrix

How can LU Decomposition be used to find the inverse?

[A][B] = [I]

First Column of ሾBሿ

𝐴  

𝑏ଵଵ
𝑏ଶଵ
⋮
𝑏௡ଵ

ൌ

1
0
⋮
0

Second Column of ሾBሿ ….

𝐴  

𝑏ଵଶ
𝑏ଶଶ
⋮
𝑏௡ଶ

ൌ

0
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⋮
0

Last Column of ሾBሿ
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𝑏ଶ௡
⋮
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ൌ

0
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⋮
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Example: Inverse of a Matrix
Find the inverse of a square matrix [A]

𝐴 ൌ
25 5 1
64 8 1

144 12 1

𝐴 ൌ 𝐿 𝑈 ൌ
1 0 0

2.56 1 0
5.76 3.5 1

 
25 5 1
0 െ4.8 െ1.56
0 0 0.7

Using the decomposition procedure, the [L] and [U] matrices are found to be

Solving for each column of [B] requires two steps

1) Solve [L] [Z] = [C] for [Z] 

2) Solve [U] [X] = [Z] for [X] 

Finding 1st column of inverse: LZ=C

Step	1:	 𝐿 𝑍 ൌ 𝐶 →
1 0 0

2.56 1 0
5.76 3.5 1

𝑧ଵ
𝑧ଶ
𝑧ଷ

ൌ
1
0
0

𝑧ଵ ൌ 1
2.56𝑧ଵ ൅ 𝑧ଶ ൌ 0

5.76𝑧ଵ ൅ 3.5𝑧ଶ ൅ 𝑧ଷ ൌ 0

𝑧ଵ ൌ 1
𝑧ଶ ൌ  0 െ 2.56𝑧ଵ
 ൌ 0 െ 2.56 1
 ൌ െ2.56
𝑧ଷ ൌ 0 െ 5.76𝑧ଵ െ 3.5𝑧ଶ
     ൌ 0 െ 5.76 1 െ 3.5 െ2.56
 ൌ 3.2

𝑍 ൌ
𝑧ଵ
𝑧ଶ
𝑧ଷ

ൌ
1

െ2.56
3.2

25 5 1
64 8 1

144 12 1

𝑏ଵଵ
𝑏ଶଵ
𝑏ଷଵ

=
1
0
0

Finding 1st column of inverse: UX=Z
𝑆𝑡𝑒𝑝 2:  𝑈 𝑋 ൌ 𝑍 →

25 5 1
0 െ4.8 െ1.56
0 0 0.7

 
𝑏ଵଵ
𝑏ଶଵ
𝑏ଷଵ

ൌ  
1

െ2.56
3.2

25𝑏ଵଵ ൅ 5𝑏ଶଵ ൅ 𝑏ଷଵ ൌ 1
െ4.8𝑏ଶଵ െ 1.56𝑏ଷଵ ൌ െ2.56

0.7𝑏ଷଵ ൌ 3.2

𝑏ଷଵ ൌ
3.2
0.7

        ൌ 4.571

𝑏ଶଵ ൌ
െ2.56 ൅ 1.560𝑏ଷଵ

െ4.8
 ൌ

െ2.56 ൅ 1.560 4.571
െ4.8  

     ൌ െ0.9524

𝑏ଵଵ ൌ
1 െ 5𝑏ଶଵ െ 𝑏ଷଵ

25
 ൌ

1 െ 5 െ0.9524 െ 4.571
25

ൌ 0.04762

𝑏ଵଵ
𝑏ଶଵ
𝑏ଷଵ

ൌ
0.04762
െ0.9524

4.571

Inverse of a Matrix

First Column                      Second Column Third Column
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ൌ
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ൌ
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ൌ
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ൌ
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1
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Example: Inverse of a Matrix

𝐴 ିଵ ൌ
0.04762 െ0.08333 0.03571
െ0.9524 1.417 െ0.4643

4.571 െ5.000 1.429

To check your work, check the following 

[A][A]-1 = [I] = [A]-1[A]

𝑏ଵଵ
𝑏ଶଵ
𝑏ଷଵ

ൌ
0.04762
െ0.9524

4.571

𝑏ଵଶ
𝑏ଶଶ
𝑏ଷଶ

ൌ
െ0.08333

1.417
െ5.000

𝑏ଵଷ
𝑏ଶଷ
𝑏ଷଷ

ൌ
0.03571
െ0.4643

1.429

To find inverse of [A]

Time taken by Gaussian Elimination Time taken by LU Decomposition
ൌ 𝑛 𝐶𝑇|ிா ൅ 𝐶𝑇|஻ௌ

ൌ 𝑛 ൈ  𝑇 ଼௡య

ଷ
൅ 8𝑛ଶ െ ଷଶ௡

ଷ
൅𝑛 ൈ  𝑇 4𝑛ଶ ൅ 12𝑛

ൌ 𝑇
8𝑛ସ

3 ൅ 12𝑛ଷ ൅
4𝑛ଶ

3

ൌ 𝐶𝑇|஽ா ൅ 𝑛 ൈ 𝐶𝑇|ிௌ ൅ 𝑛 ൈ 𝐶𝑇|஻ௌ

ൌ 𝑇 ଼௡య

ଷ
൅ 4𝑛ଶ െ ଶ଴௡

ଷ
     ൅ 𝑛 ൈ 𝑇 4𝑛ଶ െ 4𝑛
൅ 𝑛 ൈ 𝑇 4𝑛ଶ ൅ 12𝑛

ൌ 𝑇
32𝑛ଷ

3 ൅ 12𝑛ଶ െ
20𝑛

3

To find inverse of [A]

Time taken by Gaussian Elimination Time taken by LU Decomposition

𝑇
32𝑛ଷ

3 ൅ 12𝑛ଶ െ
20𝑛

3

10000100010010𝑛

2501250.825.843.288
𝐶𝑇୧୬୴ୣ୰ୱୣ ୋ୉
𝐶𝑇୧୬୴ୣ୰ୱୣ ୐୙

Table 1 Comparing computational times of finding inverse of a matrix using 
LU decomposition and Naive Gauss elimination.

𝑇
8𝑛ସ

3 ൅ 12𝑛ଷ ൅
4𝑛ଶ

3

For large n, ஼்౟౤౬౛౨౩౛ ృు
஼்౟౤౬౛౨౩౛ ై౑

ൎ ௡
ସ

Time Taken by Back Substitution

𝐶𝑇|஻ௌ ൌ 𝑇 4𝑛ଶ ൅ 12𝑛

Back Substitution CT

𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ ⋯ 𝑎ଵ௡
0 𝑎ଶଶᇱ 𝑎ଶଷᇱ ⋯ 𝑎ଶ௡ᇱ

0 0 𝑎ଷଷ" ⋯ 𝑎ଷ௡"

⋮ ⋮ ⋮ ⋯ ⋮
0 0 0 0 𝑎௡௡

ሺ௡ିଵሻ

𝑥ଵ
𝑥ଶ
𝑥ଷ
⋮
𝑥௡

ൌ

𝑏ଵ
𝑏ଶᇱ

𝑏ଷ"
⋮

𝑏௡
ሺ௡ିଵሻ

𝑥௡ ൌ
𝑏௡
ሺ௡ିଵሻ

𝑎௡௡
ሺ௡ିଵሻ

𝑥௜ ൌ
𝑏௜
௜ିଵ െ ∑ 𝑎௜௝

௜ିଵ 𝑥௝௡
௝ୀ௜ାଵ

𝑎௜௜
௜ିଵ for 𝑖 ൌ 𝑛 െ 1, . . . , 1

n = length(B); 
X(n)=B(n)/A(n,n)
for i=n-1:-1:1 
X(i) = B(i);   

for j=(i+1):1:n
X(i) = X(i) - A(i, j)*X(j); 

end 
X(i) = X(i)/A(i, i); 
end

25 26

27 28
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Time Taken by Back Substitution

𝐶𝑇|஻ௌ ൌ 𝑇 4𝑛ଶ ൅ 12𝑛

Back Substitution CT

𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ ⋯ 𝑎ଵ௡
0 𝑎ଶଶᇱ 𝑎ଶଷᇱ ⋯ 𝑎ଶ௡ᇱ

0 0 𝑎ଷଷ" ⋯ 𝑎ଷ௡"

⋮ ⋮ ⋮ ⋯ ⋮
0 0 0 0 𝑎௡௡

ሺ௡ିଵሻ

𝑥ଵ
𝑥ଶ
𝑥ଷ
⋮
𝑥௡

ൌ

𝑏ଵ
𝑏ଶᇱ

𝑏ଷ"
⋮

𝑏௡
ሺ௡ିଵሻ

𝑥௡ ൌ
𝑏௡
ሺ௡ିଵሻ

𝑎௡௡
ሺ௡ିଵሻ

𝑥௜ ൌ
𝑏௜
௜ିଵ െ ∑ 𝑎௜௝

௜ିଵ 𝑥௝௡
௝ୀ௜ାଵ

𝑎௜௜
௜ିଵ for 𝑖 ൌ 𝑛 െ 1, . . . , 1

n = length(B); 
X(n)=B(n)/A(n,n)
for i=n-1:-1:1 
X(i) = B(i);   

for j=(i+1):1:n
X(i) = X(i) - A(i, j)*X(j); 

end 
X(i) = X(i)/A(i, i); 
end
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Time Taken by Back Substitution

𝐶𝑇|஻ௌ ൌ 𝑇 4𝑛ଶ ൅ 12𝑛

Back Substitution CT

𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ ⋯ 𝑎ଵ௡
0 𝑎ଶଶᇱ 𝑎ଶଷᇱ ⋯ 𝑎ଶ௡ᇱ

0 0 𝑎ଷଷ" ⋯ 𝑎ଷ௡"

⋮ ⋮ ⋮ ⋯ ⋮
0 0 0 0 𝑎௡௡

ሺ௡ିଵሻ

𝑥ଵ
𝑥ଶ
𝑥ଷ
⋮
𝑥௡

ൌ

𝑏ଵ
𝑏ଶᇱ

𝑏ଷ"
⋮

𝑏௡
ሺ௡ିଵሻ

𝑥௡ ൌ
𝑏௡
ሺ௡ିଵሻ

𝑎௡௡
ሺ௡ିଵሻ

𝑥௜ ൌ
𝑏௜
௜ିଵ െ ∑ 𝑎௜௝

௜ିଵ 𝑥௝௡
௝ୀ௜ାଵ

𝑎௜௜
௜ିଵ for 𝑖 ൌ 𝑛 െ 1, . . . , 1

n = length(B); 
X(n)=B(n)/A(n,n)
for i=n-1:-1:1 
X(i) = B(i);   

for j=(i+1):1:n
X(i) = X(i) - A(i, j)*X(j); 

end 
X(i) = X(i)/A(i, i); 
end
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Time Taken by 
Back 
Substitution

THE END
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THE END
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