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Regression 6.04

Reading While Skimming the Nonlinear Regression
Lines

http://nm.mathforcollege.com

Nonlinear Regression
Nonlinear Regression

Popular nonlinear regression models. Given n data pairs

= = (1, ¥1), (X2, ¥2)5 - - - (X, Yn)
Without Transformation of T
. Exponential model: y = ae
Data (Untransformed Data) 2. Power model: y = ax?
3. Saturation growth model: y = %
4. Polynomial model: y = ay + a;x + a,x? + -+ + apx™
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Nonlinear Regression

Given (xllyl)a (leyZ)a DO (xn; )’n): best fit W= f(x) to
the data.

° (n Yn)

Figure. Nonlinear regression model for discrete y vs. x data
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Exponential Model

Given (x1,v1), (X2, ¥2), ... (xn, ¥, best fit y = aeP* to the
data. The variables a and b are the constants of the
exponential model.

o (xlﬂ yl)

(xn, Yn)

Figure. Exponential model of nonlinear regression for y vs. x data
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Finding Constants of Exponential Model

n
5= (i — ae?¥)’

Follow this by

1) second derivative test to show solution corresponds to local minimum
2) showing above gives only one acceptable real solution

3) Recognizing that S, is a differentiable function of a and b.
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Finding Constants of Exponential Model
5 = i(yl- — aeb¥)”

i=1
Differentiate with respect to a

AN
a—ar = Z 2(y; — aeb¥i) (—eb*)

1

—2y;eP%i + 2qe?b%i

Il
A

L

n
—2y;eP%i + z 2ae?b%i
=1

[SY)
g
il
R

)
3|
Il
o

INGE

I
-

n
_Izyl.ebxi + z 2ae2bxi = Equation 1
i=1
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Finding Constants of Exponential Model

n
5, = ) (i —ae™)’
i=1

Differentiate with respect to b

n
as,
—L= Z 2(y; — aeP¥i) (—ax;ePxi)
b ¢
=1
n
= Z —2ay;x;eP*i + 2a%x;e?bxi
i=1
n
z —2ay;x;eP%i + Z 2a%x;e?bxi
i=1 i=1
as.
dab
n n
Z Rayx;e i + z 2a%x;e?¥i =0 Equation 2
i=1] =1
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Finding Constants of Exponential Model

ZL lyl
Zn €2bxl

a=

Equation 2

n
z —2ay;x;e’i + Z 2a’x;e?b*i =0
i=1 i=1
n n
—ZaZ yixel¥i + ZaZine“’"f =0
=

i=1

n n
—Zyixie’”‘i + az x;e?b*i =0
=1 '

i=1

n Z n
bx; i=1Yi€ 2bxi _
—Zy,-xie S Y, e?% x;es?*i =0
i=1

i=1
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Finding Constants of Exponential Model

Equation 1

n n
Z —2y;eb*i + Z 2ae?P*i = 0
i=1 i=1

n n

—ZZyiebxi + ZaZ e2bxi = 0

I
[y
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Example - Exponential Model

0 10 20 30 45
1.0 0.76 0.58 0.45 0.31

90
0.12

Use the regression model y = ae?*. Estimate the regression constants a
and b without transforming the data.

12
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Plot of data Constants of the Model

09 y = aebx

The value of b is found by solving the nonlinear equation

n
o E by, Diz1Yi® 2bx; —
& . f(b) = R e a ebet xie<"*t =0
02 l=1
a= l. 1yl
N ,2bx;
0 10 ] 20 | 30 | 45 | 90 X, e

1.0 0.76 0.58 0.45 0.31 0.12
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Settlng up the Equatlon in MATLAB

Setting up the Equatlon in MATLAB
f(b) = —Zyi x;ePxi +Zl LL° inez’”‘l =0

: i e2bxi bx Zl 1Yi€ 2bx; —
i - fb) = yl o 2 ebel xiedg' = 0
- ] i=1

i N x=[0 10 20 30 45  90]

0k 1 y=[1.0 0.76 0.58 045 031 0.12]

_ \ syms b real

g sumi1=sum(y.*x.*exp(b*x));

o8 \ sum2=sum(y.*exp(b*x));

sum3=sum(exp(2*b*x));
sum4=sum(x.*exp(2*b*x));
f=-sum1+sum2/sum3*sum4;
b_soln=vpasolve(f,b);

40

|
50 . . TR L L L L J
-0.1 009 -008 -007 006 -005 -004 -003 -002 -001 0

0 10 20 30 45 90 b = —0.02561
10 | 076 | 058 | 045 | 031 | 0.12
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Calculating the Other Constant
b = —0.02561

The value of a can now be calculated
6 bx;
.= ye L
== =0.9885
1=1

The exponential regression model is
= 0.9885 e—0.02561x
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Transformed vs Untransformed Data

10/26/2023

Plot of data and regression curve

y Vs x y=a*exp(b*x) model

1
0o | \
08|
07
06
=05
04
03 S
02

01

0

0 10 20 30 40 50 60 70 80 90
X

y = 0.9885¢~0.02561x
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Classwork/Homework: Transformed vs

0

10

20

30

45

90

y 1.0

0.76

0.58

0.45

0.31

0.12

y Vs X y=a*exp(b*x) model

Untransformed Data

X 0

10

20

30

45

90

y 1.0

0.76

0.58

0.45

0.31

0.12

0 10 20 30 40 50 60 70 80 20
X

Untransformed data model y = 0.9885 ¢~0-02561x

ransformed data model ~ y = 0.9395¢0:02294x
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What if the model was y = e?*? What is the solution with and
without transformation?
S

09

¥ vs x y=exp(b*x) model

.
07

06
>05
04
03
02
0.1
ok

O 10 20 30 40 5 6 70 8 90

%
Untransformed data model y = ¢~0-02605x

Transformed data model y = ¢~002400x
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G Lewt SquaesRegression - Message (HIM) - o x
Fle Message Help Acrobat  Q Tell me what you wa to do
i OTUTTYD
> ta p oL =5
Dete Repond Shweto  Quick | Move Togs | Edtng Immersive Tanda
- U ams s < -~ - .
Tam | que. & e Y
Least Squares Regression
«
Reese Starowesky <starowe: L] ¥
D You rephedto s message on 13
Hi, Dr. Kaw. How you are doing welland staying heaithy!
' " hat your
class.1 was trying to use a brushless DC motor and write 3 PID controlloop for . | was
y ehly
controlnput.
1 plotted the RPM vs the PWM signal s sending to the controle. It mmediately
X relationship, tofitit. 1 specically
remembered using the = : You
should have seen the grin on my face when | got thisplot outof Python.  used y=C.
Ae*(bt)in the mode, such a5  heat ransfer probem
.
To be ai, et python do the regression, but | kneuw exacty wht | wanted it to do for
me.1 o :
calculate output. linear And they say
You'll never use the stuff you lean n school... Maybe you could use ths as a
practical example in your classes.
Thanks again, and take care!
Reese Starowesky
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Temperature, T (°F)

a = 0.009387T + 6.025

Temperature, T (°F)

a = —0.00001228T2 + 0.006196T + 6.015

What polynomial model to choose
if one needs to be chosen?

22

Optimum Polynomial: Wrong Criterion

1013 Opti Poly:Wrong Crit «107'% Optimum Poly:Wrong Crit

& a8
5 @
©6 S
3 o6
5 @
e 4
S0 =
5] O 4
z 2
@ 2 @2
k) k]
£ g
[230) L2N0]
1234 7 10 13 16 19 22 1.3 5 7 9 11131517 19 21

Order of Polynomial, m Order of Polynomial, m

Both graphs are same
Left one starts at m=1
Right one starts at m=2
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Optimum Polynomial: Correct Criterion

+10°14 Optimum Poly:Correct Crit « 10716 Optimum Poly:Correct Crit
4
3
2.5 3
=5 £,
=15 £
2] ()]
1
1
0.5
0 . . . .
13 5 7 9 11 13 15 17 19 5 3 4 5 5 7

Order of Polynomial, m Order of Polynomial, m

Both graphs are same
Left one starts at m=1
Right one starts at m=2

1 get help at Polll -
25 27
| v 1
" Without transforming the data to find the - When transforming the data to find the
constants of the regression model y — ae’® constants of the regression model y — ae™

to best fit to best fit

(1, Y1), (T2,Y2),y cevvvmmneeeeeen (T, Yn)s (X1, 11),5 (42, 12) 5 cevvvvmeeeeeenn (X1, V), the
the sum of the square of the residuals that sum of the square of the residuals that is

is minimized is minimized is

L = D (i — aetiy?
\/_Trm %) — Ina — bz;)? n o
S Ina - ba)? > (in(y) - na — bz;)?
= i=1
" (ing Ina - bl . &
27 e W Z(!/, —Ina — bz;)?
i=1
Pawered hy @M Pall Fuarvwhere Pawered hy @M Pall Fuarvwhere
_ Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app I |

Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app u
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When transforming the data for stress-
strain curve o = klae_k25 for concrete in
compression, where o is the stressand ¢ is

the strain, the model is rewritten as

Inoc=Ink; +Ine — kge
nZ =1Ink; — kee
€S
ln% = Ink; + ko
Ino = In(kie) — koe

. s ez AN Pl Fvervwhere 0
1
30
6.05
Adequacy of Linear Regression
Models
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Data
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X
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Therm exp coeff vs temperature

T |a T a Tis in gl
aisin pin/in/ °F
80 |6.47 140 | 4.91
60 |6.36 160 | 4.72
40 [6.24 -180 | 4.52
20 |6.12 -200 | 4.30
0 |6.00 -220 | 4.08
20 |5.86 -240 |3.83
40 |52 -260 | 3.58
60 |5.58 -280 | 3.33
-80 |5.43 -300 | 3.07
-100 | 5.28 -320 |2.76
|-120 5.09 -340 |2.45

Is this adequate?

nsion Coefficient, a ( in/in/F)
= P >
(o)

Thermal Expal
~ w
(e}

200 150 -100  -50
Temperature, T (°F)

Straight Line Model

34
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Quality of Fitted Data

e Does the model describe the data
adequately?

- How well does the model predict
the response variable
predictably?

Linear Regression Models

« Limit our discussion to adequacy
of straight-line regression models

36
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Four checks
1. Does the model look like it explains
the data?

2. Do 95%o0f the residuals fall with £2
standard error of estimate?

3. Is the coefficient of determination
acceptable?

4. Does the model meet the
assumption of random errors?

38

34.1%| 34.1%

00 01 02 03 04

n
=)= s= |
i=1

40

Check 1:Plot Model and Data
T |a T |a —
80 |6.47 |[[-140 [4.91
60 |6.36 |[-160 [472 | f..
40 |624 ||-180 (452 | &
20 [6.12 |[-200 [4.30 E
0 |6.00 |[-220[408 | ..
20 |5.86 |[[-240 |3.83
-40 [5.2 -260 |3.58
.60 |5.58 |[-280 |3.33
.80 |5.43 |[[-300 |3.07
-100 | 5.28 -320 | 2.76
-120 | .09 -340 | 2.45

a = 6.0248 + 0.0093868T

2
-350 -300 -250 -200 -150 -100 -50 0 50 100
Temperature, T (°F)

39
Check 2: Using Standard
Error of Estimate
avs T
8 T
£, = (6.0248 + 2+ 0.1700) + 0.0093868T J‘
§ - = 6.0248 + 0.0093868T
E
i 4r a = (6.0248 — 2 x 0.1700) + 0.0093868T
3
»2350 »3;)0 »2;0 »2;.)0 »11’:0 »1;)0 »5;0 l; 5;.) 1:30
Temperature, T °F)
s
| Sa/t = |75 Sqyr =0.1700
41
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Problem Assigned

Given (2,4), (2,5), (3,5) and (3,6) as
data points

1) Regress to a general straight line,
Y = Qg + A1X. (Answer: y=1x+2.5)

2) Find the standard error of estimate

(Ans: 0.7071).

3) Find the scaled residuals @nswer: -07071

0.7071 -0.7071 0.7071).

Check 3: Using Coefficient of

Determination
7"2 - St 4 S?"
St
_ 27.614—0.5785
T 27614
=0.9791

42
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Final Exam Grade

Final Exam Grades

90

80 =

70

45
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Final Exam Grade vs Pre-Req GPA

100

0

.
s

H
£ . e
@ 80 1 ——
: N
S . -
d 70
E . - - o\
& o o . . .

60

. -
o o -

1 15 2 25 3 35 4 45 5
e-Requisite GPA y = 9.8669x + 41.75;
R? =0.2227
R=0.4719
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Check 4. Does the model meet
assumption of random errors?

48

Problem Assigned

Given (2,4), (2,5), (3,5) and (3,6) as data
points (extension of previous problem)

1) Find the sum of the square of the
differences with the mean (s 2.

(Ans: 1)
3) Find the coefficient of determination ns: o)
4) Find the correlation coefficient @ns: 0.7071).

2) Find the sum of the square of the residuals.

47

Model meets assumption of
random errors

e Residuals are negative as well as positive

e Variation of residuals as a function of the
independent variable is random

e Residuals follow a normal distribution

49
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Are residuals negative and positive?

ooooo

Residual
I3 2 ° 3 o

10/26/2023

Is variation of residuals as a function
of independent variable random?

ooooo

Residual
1=} 2 ° 3 o

50

Do the residuals follow normal
distribution?

52
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06.XX
Parting Thoughts
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Same but different

¢ Mean of x

* Sample variance of x

* Meanofy

« Sample variance of y

« Correlation between x and y

« Linear regression line

* Coefficient of determination of the
linear regression

ource: Cliff Pickover: https://twitter.com/pickover/status/1576630790309707776/photo/1

The following are same for both lines.

Pizza

Sources: npr.

price vs Pizza Diameter

ll'lll s

132576/74-476-reasol

houldeah

get-the-big

1ey/2014,
)

b

themarysue.
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END

56

55

10/26/2023

11



