Interpolation - Introduction

Reading Between the Lines
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WHAT IS INTERPOLATION ?

Given (X.p), (X10)), -.--.. (X)), find the value of °y” at a value of ‘x’ that is not given.
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Figure Interpolation of discrete data.
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Spline Method of
Interpolation

http://nm.MathForCollege.com
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Why Spli ?
y Splines -
£ = 1
i) Be=————=s
1+ 25x2
Table : Six equidistantly spaced points in [-1, 1]
- 1
. 1+25x
-1.0 0.038461
-0.6 0.1
-0.2 0.5
0.2 0.5
-1—775 -0.5 -0.25 0.25 0.5 0W1
0.6 0.1 0.2
1.0 0.038461 Figure : 50 order polynomial vs. exact function
http://nm.MathForCollege.com
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Why Splines ?

------- 19th Order Polynomial

f(x) - - - . 5th Order Polynomial

Figure : Higher order polynomial interpolation is a bad idea
5) http://nm.MathForCollege.com

Linear Spline Interpolation

Given (x5, ¥ )} (%, Juvwewns (¥, ¥, Ax,.3, ). fit linear splines to the data. This simply involves
forming the consecutive data through straight lines. So if the above data is given in an ascending
order, the linear splines are givenby (v, = f(x,))

Figure : Linear splines
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Linear Spline Interpolation (contd)

f(-\'):f(-\'n)+w(\ s
l

—f(\)+M(\ x). xn<x<a

=S+ M(\ T ) A S X,

Note the terms of

Jx) - fx)

X, =X,
Athe above function are simply slopes between x,, and x,

7 http://nm.MathForCollege.com

Example

The upward velocity of a rocket is given as a
function of time in Table 1. Find the velocity at
t=16 seconds using linear splines.

Velocity vs. Time

Table Velocity as a
function of time

C @] vo @s)] ™

0 -

10 227.04  E .o

15 362.78 0

20 517.35 o

22.5 602.97
30 90167 5 10 ‘:Jmplglzn 25 30 as
Figure. Velocity vs. time data
for the rocket example
sl | http://nm.MathForCollege.com
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Linear Spline Interpolation

f, =15, v(t,) =362.78 —; : : .
1, =20, v(1,)=517.35
w(t,)—v(t,) soo |
v(f) = v(t,) + ———( —t,)
i~ o
faang | ]
517.35-362.78 rol
= AT e I i R
20-15 =15 55

400

v(7) = 362.78 +30.913(r ~ 15)

At 1 =16,
36278 350 1 1 ! 1 1
10 12 14 16 18 20 2 24
(16) =362.78 +30.913(16 - 15) xy-10 X, range Rospne xg+10
=393.7 m/s
9 http://nm.MathForCollege.com

Quadratic Spline Interpolation

Given (x,. v M. 9 heeoens (6,02 ¥,y (3, v, ). fit quadratic splines through the data. The splines

are given by

S)=ax’ +bx+c,, X, SEESE
5 Y
=a,x” +bhyx +¢,, X Snsx, P
=a,x’ +bx+c,. ORRR SIS,
» X

Find a,,5,,¢,,i=1,2,...,n

i i

| http://nm.MathForCollege.com 10
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Quadratic Spline Interpolation (contd)
Each quadratic spline goes through two consecutive data points
a:.\'ﬂ: +bhx, +¢, = f(x,)

ﬂi'\-l: +hx +¢ = f(x)

ax b e = f(x)

ax’ by +e, = f(x)

a,x ZA il bn"»r: +Cn = f("n—:)

n -

rt”.r,,: +bx, +c, = f(x,)

1 http://nm.MathForCollege.com

Ths conlitiou gives 2n equations

Quadratic Spline Interpolation
(contd)

The first derivatives of two quadratic splines are continuous at the interior points.
For example, the derivative of the first spline

11

ax’ +bx+e is  2ax+bh (xyed
The derivative of the second spline f;fm =2a,5+b,
ax’ +bhx+c,is  2ax+b, ST
and the two are equal at x =, giving SopenZarrh o, e
l &)
2aix, +b, =2a,x +b, {
Slope = 2a,x + b,
2ax,+b —2a,x,—b, =0 )
1] http://nm.MathForCollege.com
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Quadratic Spline Interpolation
(contd)

Similarly at the other interior points,

2a,x, +b, —2a;x,—b; =0 J

2a,x;+b, —2a,,x,—b,,=0

2a, 4%, + b,y —2a,%,, - b, =0
We have (n-1) such equations. The total number of equations is (2m)+(n—1)=3n—1).

‘We can assume that the first spline is linear, thatis @, =0

1] http://nm.MathForCollege.com

Quadratic Spline Interpolation
(contd)

This gives us ‘3n’ equations and ‘3n” unknowns. Once we find the ‘3n’ constants,

we can find the function at any value of ‘x” using the splines,

13

Quadratic Spline Example

The upward velocity of a rocket is t v(t)
given as a function of time. Using
quadratic splines S m/s
a) Find the velocity at t=16 seconds 0 0
g‘)aggp% sthe acceleration at t=16 10 27,04
¢) Find the distance covered between 15 362.78
t=11 and t=16 seconds 20 517.35
22.5 |602.97
30 |901.67
15

f@)=ax’ +bx+e,, S A v
=a,x> +byx+c,, b=, + /'
=a,x’ +bhx+c,, o< X /‘T\‘/
» X
ll http://nm.MathForCollege.com
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Data and Plot
t v(t) 1000
S m/s . 800
»
~
0 é 600 ]
10 |227.04| > o
15 |362.78 - °
20 |517.35 = 20 °
22.5 | 602.97 o - - -
30 901.67 Time(s)
16
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Solution
v(t) = a;t? + bt + ¢, 0 <t < 10
=ayt? + byt +¢;, 10 <t < 15

=azt? + bst +c3, 15<t <20
= aut? 4+ byt + ¢4, 20 < t < 22.5

=agt? + bst +c5, 225<t<30

Lft us set up the equations

Each Spline Goes Through Two
Consecutive Data Points

v(t) = a;t? + byt +¢;, 0<t <10

a1(0)%2 + b1 (0)+c, =0

a;(10)2 + by (10) + ¢; = 227.04

o~ 800
2
E w0 °
3 -]
g 400 N
o
> 200 °
10 20 30
Time(s)

18

Derivatives are Continuous at
Interior Data Points

v(t) =art? +bit+c¢, 0t <10

= ayt? + byt +c,, 10<t <15

d
= E(aztz + byt + c3)

d
E(altz + byt +cq)
t=10

t=10

Qayt + bl)|t=10 = ayt + b2)|t=w

2a,(10) + by = 2a,(10) + b,

20a; + by — 20a, — b, = 0

17
Each Spline Goes Through Two
Consecutive Data Points
t v(t) a3(10)? + by (10) + ¢, = 227.04
m/s
E " a(15)2 + bo(15) + ¢, = 362.78
10 227.04 as(15)% + b5(15) + ¢; = 362.78
15 362.78 | 4,(20)2 + by(20) + c3 = 517.35
20 | 517.35 i
el 14(20)2 + b4(20) + ¢4 = 517.35
3(') 901'67 43(22.5)2 + by(22.5) + ¢4 = 602.97
a5(22.5)2 + b5 (22.5) + c5 = 602.97
a5(30)2 + bs(30) + cs = 901.67
19

20
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Derivatives are continuous at _
Interior Data Points Last Equation

as=0

At t=10
2a;(10) + by — 2a,(10) — by = 0

At t=15
2a,(15) + by — 2a3(15) — by = 0

At t=20
2a3(20) + by — 2a,(20) — by = 0

At t=22.5
2a4(22.5) + by — 2a5(22.5) — bs = 0

21 22
&
0 01 0 00 0 0 0 0 0 0 0 0 0 Zl 0
0010 1 0 0 0 O 0 0 0 © (1) 0 0 of|bi| [227.04 .
0 0 0 100 10 1 0 0 0 0 0 0 0 0 ofle| [227.04 l a; bi C;
0 O 225 05 1 0w ® O 0 0 0 0 of|le| (36278
0 0 0 0 ©0 0 225 15 1 0 0 0 0 0 of|b2| [362.78 | -0.15667 24271 0
0 0 0 0 0 0 400 20 1 0 0 0 0 0 of|e| [517.35
0 00 0O 0 0O O O 0 400 20 1 0 0 of|las| [517.35
0 0 0 0O 0 0 0O O 0 50625 225 1 0 0 of|bs|=|60297 2 1.2021 -2.9053 135.88
0 00 0 00 0O 0 0 0 0 0 50625 225 1|[cs| [602.97
0 00 0 00 0O 0 0 0 0 0 900 30 1f|las| [901.67
2001 0" =200 —1"0" 0 00 0 0 0 0 0 0 b: 0 3 -0.44893 46.627 -235.61
0 0 0 3 1 0 -30 -1 0 0 0 0 0 0 oflca 0
0 0 0 0O 0 O 40 1 0 —40 -1 0 0 0 ofla 0
0 00 0 00 O 0 0 © 0 0 1 0 olles 0
5 0 39.827 | -293.13
23 24



Final Solution

v(t) = —0.15667t + 24.271t, 0 <t < 10
=1.2021t% — 2.9053t + 135.88, 10 <t <15

= —0.44893t% + 46.627t — 235.61, 15 <t < 20

= 2.2315t% — 60.589¢t + 836.55, 20 <t < 22.5
=39.827t — 293.13, 225 <t <30

1000

@
o
o

600

Velocity (m/s

| 10_ 20 30
Time(s)

Velocity at a Particular Point
a) Velocity at t=16

v(t) = —0.15667t + 24.271t, 0 <t < 10
=1.2021t% — 2.9053t + 135.88, 10<t <15

= —0.44893t% + 46.627t — 235.61, 15 <t < 20
2.2315t? — 60.589t + 836.55, 20 <t <225

=39.827t — 293.13, 225 <t <30

v(16) = —0.44893(16)? + 46.627(16) —235.61
=395.50 m/s

25

Acceleration from Velocity Profile
b) Acceleration at t=16

v(t) = —0.15667t> + 24.271t, 0<t<10
= 1.2021t? — 2.9053t + 135.88, 10<t<15
= —0.44893t% + 46.627t — 235.61, 15<¢t<20
= 2.2315t? — 60.589¢ + 836.55, 20<t<225
= 39.827t — 293.13, 225<t<30

d
a(16) = Ev(t)

t=16

27

26

Acceleration from Velocity Profile

The quadratic spline valid at t=16 is given
b

v(t) = —0.44893t2 + 46.627t — 235.61, 15<t<20

d
a(t) = T (—0.44893t2 + 46.627t — 235.61)
= —0.89786t + 46.627, 15<t <20

a(16) = —0.89786(16) + 46.627
=32.261 m/s?

28
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Distance from Velocity Profile

¢) Find the distance covered by the rocket from
t=11s to t=16s.

v(t) = —0.15667t2 + 24.271t, 0<t<10
= 1.2021t? — 2.9053t + 135.88, 10<t<15
= —0.44893t% + 46.627t — 235.61, 15<t<20
= 2.2315t? — 60.589¢t + 836.55, 20<t<225
= 39.827t — 293.13, 225<t<30

16

S(16) — S(11) = f v()dt

11

29

Distance from Velocity Profile

v(t) = 1.2021t% — 2.9053t + 135.88, 10 <t <15

= —0.44893t% + 46.627t — 235.61, 15 <t < 20
16 15 16
S(16) —S(11) = f v(t)dt = f v(t)dt + f v(t)dt
11 11 15
15
= f (1.2021t% — 2.9053t + 135.88)dt

11
16

+ f (—0.44893t2 + 46.627t — 235.61)dt

15

=1590.7 m

END

http://nm.MathForCollege.com
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Points for Robot Path

x y
2.00 | 7.2
45 | 7.1 | . °  °.
5.25 | 6.0 a
7.81 | 5.0 2
9.20 3.5 00 2 4 6 8 10 12

10.60| 5.0

10+

Find the shortest but
smooth path through
consecutive data points

32
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Polynomial Interpolant Path Spline Interpolant Path

10 10
8 8

> 6 > 6
4 4
2 2
% 123 45678 910111 00 > 4 6 8 0 D

X X
33 34

Compare Spline & Polynomial Interpolant Path

© Data Points

10 — Polynomial Interpolant
— Spline
8
> 6f
4,
2
% 2 4 & 8 10 12 MathForCoIIege.com
X Open Education Resources

Length of path

Polynomial Interpolant=14.9

Spline Interpolant =12.9

35 36



