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Interpolation - Introduction
Reading Between the Lines

WHAT IS INTERPOLATION ?
Given (x0,y0), (x1,y1), …… (xn,yn), find the value of ‘y’ at a value of ‘x’ that is not given.

Figure Interpolation of discrete data.

http://nm.mathforcollege.com

Spline Method of 
Interpolation

http://nm.MathForCollege.com
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Why Splines ?
𝑓ሺ𝑥ሻ ൌ
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Why Splines ?

Figure : Higher order polynomial interpolation is a bad idea
http://nm.MathForCollege.com6

Linear Spline Interpolation

http://nm.MathForCollege.com7

Linear Spline Interpolation (contd)

http://nm.MathForCollege.com8

Example
The upward velocity of a rocket is given as a 
function of time in Table 1. Find the velocity at 
t=16 seconds using linear splines.

Table Velocity as a 
function of time

Figure. Velocity vs. time data 
for the rocket example

(s) (m/s)
0 0
10 227.04
15 362.78
20 517.35

22.5 602.97
30 901.67

𝑡 𝑣ሺ𝑡ሻ

5 6

7 8
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Linear Spline Interpolation Quadratic Spline Interpolation
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Quadratic Spline Interpolation (contd)

http://nm.MathForCollege.com12

Quadratic Spline Interpolation  
(contd)

9 10

11 12
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Quadratic Spline Interpolation  
(contd)

http://nm.MathForCollege.com14

Quadratic Spline Interpolation  
(contd)

Quadratic Spline Example
The upward velocity of a rocket is 
given as a function of time. Using 
quadratic splines
a) Find the velocity at t=16 seconds
b) Find the acceleration at t=16 
seconds
c) Find the distance covered between 
t=11 and t=16 seconds

t v(t)
s m/s
0 0
10 227.04
15 362.78
20 517.35

22.5 602.97
30 901.67

Data and Plot
t v(t)
s m/s
0 0
10 227.04
15 362.78
20 517.35

22.5 602.97
30 901.67

13 14

15 16
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Solution
𝑣ሺ𝑡ሻ ൌ 𝑎ଵ𝑡ଶ ൅ 𝑏ଵ𝑡 ൅ 𝑐ଵ, 0 ൑ 𝑡 ൑ 10

ൌ 𝑎ଶ𝑡ଶ ൅ 𝑏ଶ𝑡 ൅ 𝑐ଶ, 10 ൑ 𝑡 ൑ 15

ൌ 𝑎ଷ𝑡ଶ ൅ 𝑏ଷ𝑡 ൅ 𝑐ଷ, 15 ൑ 𝑡 ൑ 20

ൌ 𝑎ସ𝑡ଶ ൅ 𝑏ସ𝑡 ൅ 𝑐ସ, 20 ൑ 𝑡 ൑ 22.5

ൌ 𝑎ହ𝑡ଶ ൅ 𝑏ହ𝑡 ൅ 𝑐ହ, 22.5 ൑ 𝑡 ൑ 30

Let us set up the equations

Each Spline Goes Through Two 
Consecutive Data Points

𝑣ሺ𝑡ሻ ൌ 𝑎ଵ𝑡ଶ ൅ 𝑏ଵ𝑡 ൅ 𝑐ଵ, 0 ൑ 𝑡 ൑ 10

𝑎ଵሺ0ሻଶ ൅ 𝑏ଵሺ0ሻ ൅ 𝑐ଵ ൌ 0

𝑎ଵሺ10ሻଶ ൅ 𝑏ଵሺ10ሻ ൅ 𝑐ଵ ൌ 227.04

t v(t)
s m/s
0 0

10 227.04
15 362.78
20 517.35

22.5 602.97
30 901.67

Each Spline Goes Through Two 
Consecutive Data Points

𝑎ଶሺ10ሻଶ ൅ 𝑏ଶሺ10ሻ ൅ 𝑐ଶ ൌ 227.04

𝑎ଶሺ15ሻଶ ൅ 𝑏ଶሺ15ሻ ൅ 𝑐ଶ ൌ 362.78

𝑎ଷሺ15ሻଶ ൅ 𝑏ଷሺ15ሻ ൅ 𝑐ଷ ൌ 362.78

𝑎ଷሺ20ሻଶ ൅ 𝑏ଷሺ20ሻ ൅ 𝑐ଷ ൌ 517.35

𝑎ହሺ30ሻଶ ൅ 𝑏ହሺ30ሻ ൅ 𝑐ହ ൌ 901.67

𝑎ସሺ20ሻଶ ൅ 𝑏ସሺ20ሻ ൅ 𝑐ସ ൌ 517.35

𝑎ସሺ22.5ሻଶ ൅ 𝑏ସሺ22.5ሻ ൅ 𝑐ସ ൌ 602.97

𝑎ହሺ22.5ሻଶ ൅ 𝑏ହሺ22.5ሻ ൅ 𝑐ହ ൌ 602.97

Derivatives are Continuous at 
Interior Data Points

𝑣ሺ𝑡ሻ ൌ 𝑎ଵ𝑡ଶ ൅ 𝑏ଵ𝑡 ൅ 𝑐ଵ, 0 ൑ 𝑡 ൑ 10

ൌ 𝑎ଶ𝑡ଶ ൅ 𝑏ଶ𝑡 ൅ 𝑐ଶ, 10 ൑ 𝑡 ൑ 15

𝑑
𝑑𝑡 𝑎ଵ𝑡ଶ ൅ 𝑏ଵ𝑡 ൅ 𝑐ଵ ቤ

௧ୀଵ଴
ൌ
𝑑
𝑑𝑡 𝑎ଶ𝑡ଶ ൅ 𝑏ଶ𝑡 ൅ 𝑐ଶ ቤ

௧ୀଵ଴

2𝑎ଵ𝑡 ൅ 𝑏ଵ ቚ௧ୀଵ଴
ൌ 2𝑎ଶ𝑡 ൅ 𝑏ଶ ቚ௧ୀଵ଴

2𝑎ଵ 10 ൅ 𝑏ଵ ൌ 2𝑎ଶ 10 ൅ 𝑏ଶ

20𝑎ଵ ൅ 𝑏ଵ െ 20𝑎ଶ െ 𝑏ଶ ൌ 0

17 18

19 20



2/21/2023

6

Derivatives are continuous at 
Interior Data Points

2𝑎ଵሺ10ሻ ൅ 𝑏ଵ െ 2𝑎ଶሺ10ሻ െ 𝑏ଶ ൌ 0

2𝑎ଶሺ15ሻ ൅ 𝑏ଶ െ 2𝑎ଷሺ15ሻ െ 𝑏ଷ ൌ 0

2𝑎ଷሺ20ሻ ൅ 𝑏ଷ െ 2𝑎ସሺ20ሻ െ 𝑏ସ ൌ 0

2𝑎ସሺ22.5ሻ ൅ 𝑏ସ െ 2𝑎ହሺ22.5ሻ െ 𝑏ହ ൌ 0

At t=10

At t=15

At t=20

At t=22.5

Last Equation
𝑎ହ ൌ 0

Final Set of Equations
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

100 10 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 100 10 1 0 0 0 0 0 0 0 0 0
0 0 0 225 15 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 225 15 1 0 0 0 0 0 0
0 0 0 0 0 0 400 20 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 400 20 1 0 0 0
0 0 0 0 0 0 0 0 0 506.25 22.5 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 506.25 22.5 1
0 0 0 0 0 0 0 0 0 0 0 0 900 30 1

20 1 0 െ20 െ1 0 0 0 0 0 0 0 0 0 0
0 0 0 30 1 0 െ30 െ1 0 0 0 0 0 0 0
0 0 0 0 0 0 40 1 0 െ40 െ1 0 0 0 0
0 0 0 0 0 0 0 0 0 45 1 0 െ45 െ1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

𝑎ଵ
𝑏ଵ
𝑐ଵ
𝑎ଶ
𝑏ଶ
𝑐ଶ
𝑎ଷ
𝑏ଷ
𝑐ଷ
𝑎ସ
𝑏ସ
𝑐ସ
𝑎ହ
𝑏ହ
𝑐ହ

ൌ

0
227.04
227.04
362.78
362.78
517.35
517.35
602.97
602.97
901.67

0
0
0
0
0

Coefficients of Spline
𝑎௜𝑏௜𝑐௜

i ai bi ci
1 -0.15667 24.271 0

2 1.2021 -2.9053 135.88

3 -0.44893 46.627 -235.61

4 2.2315 -60.589 836.55

5 0 39.827 -293.13

21 22

23 24
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Final Solution
𝑣 𝑡 ൌ െ0.15667𝑡ଶ ൅ 24.271𝑡, 0 ൑ 𝑡 ൑ 10

ൌ 1.2021𝑡ଶ െ 2.9053𝑡 ൅ 135.88, 10 ൑ 𝑡 ൑ 15

ൌ െ0.44893𝑡ଶ ൅ 46.627𝑡 െ 235.61, 15 ൑ 𝑡 ൑ 20

ൌ 2.2315𝑡ଶ െ 60.589𝑡 ൅ 836.55, 20 ൑ 𝑡 ൑ 22.5

ൌ 39.827𝑡 െ 293.13, 22.5 ൑ 𝑡 ൑ 30

Velocity at a Particular Point
a) Velocity at t=16

𝑣 16 ൌ െ0.44893 16 ଶ ൅ 46.627 16 െ235.61
             ൌ 395.50 m/s

𝑣 𝑡 ൌ െ0.15667𝑡ଶ ൅ 24.271𝑡, 0 ൑ 𝑡 ൑ 10

ൌ 1.2021𝑡ଶ െ 2.9053𝑡 ൅ 135.88, 10 ൑ 𝑡 ൑ 15

ൌ െ0.44893𝑡ଶ ൅ 46.627𝑡 െ 235.61, 15 ൑ 𝑡 ൑ 20

ൌ 2.2315𝑡ଶ െ 60.589𝑡 ൅ 836.55,

ൌ 39.827𝑡 െ 293.13, 22.5 ൑ 𝑡 ൑ 30

20 ൑ 𝑡 ൑ 22.5

Acceleration from Velocity Profile

𝑎ሺ16ሻ ൌ
𝑑
𝑑𝑡 𝑣ሺ𝑡ሻቚ௧ୀଵ଺

b) Acceleration at t=16
𝑣 𝑡 ൌ െ0.15667𝑡ଶ ൅ 24.271𝑡, 0 ൑ 𝑡 ൑ 10

ൌ 1.2021𝑡ଶ െ 2.9053𝑡 ൅ 135.88, 10 ൑ 𝑡 ൑ 15

ൌ െ0.44893𝑡ଶ ൅ 46.627𝑡 െ 235.61, 15 ൑ 𝑡 ൑ 20

ൌ 2.2315𝑡ଶ െ 60.589𝑡 ൅ 836.55,

ൌ 39.827𝑡 െ 293.13, 22.5 ൑ 𝑡 ൑ 30

20 ൑ 𝑡 ൑ 22.5

Acceleration from Velocity Profile

The quadratic spline valid at t=16 is given 
by

𝑎ሺ𝑡ሻ ൌ
𝑑
𝑑𝑡
ሺെ0.44893𝑡ଶ ൅ 46.627𝑡 െ 235.61ሻ

ൌ െ0.89786𝑡 ൅ 46.627, 15 ൑ 𝑡 ൑ 20

𝑎ሺ16ሻ ൌ െ0.89786ሺ16ሻ ൅ 46.627

ൌ 32.261 m/sଶ

,

𝑣 𝑡 ൌ െ0.44893𝑡ଶ ൅ 46.627𝑡 െ 235.61, 15 ൑ 𝑡 ൑ 20

25 26

27 28
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Distance from Velocity Profile
c) Find the distance covered by the rocket from 

t=11s to t=16s.

𝑆 16 െ 𝑆 11 ൌ න 𝑣ሺ𝑡ሻ𝑑𝑡
ଵ଺

ଵଵ

𝑣 𝑡 ൌ െ0.15667𝑡ଶ ൅ 24.271𝑡, 0 ൑ 𝑡 ൑ 10

ൌ 1.2021𝑡ଶ െ 2.9053𝑡 ൅ 135.88, 10 ൑ 𝑡 ൑ 15

ൌ െ0.44893𝑡ଶ ൅ 46.627𝑡 െ 235.61, 15 ൑ 𝑡 ൑ 20

ൌ 2.2315𝑡ଶ െ 60.589𝑡 ൅ 836.55,

ൌ 39.827𝑡 െ 293.13, 22.5 ൑ 𝑡 ൑ 30

20 ൑ 𝑡 ൑ 22.5

Distance from Velocity Profile
𝑣 𝑡 10 ൑ 𝑡 ൑ 15

𝑆 16 െ 𝑆 11 ൌ න 𝑣ሺ𝑡ሻ𝑑𝑡 ൌ න 𝑣ሺ𝑡ሻ𝑑𝑡 ൅ න 𝑣ሺ𝑡ሻ𝑑𝑡
ଵ଺

ଵହ

ଵହ

ଵଵ

ଵ଺

ଵଵ

ൌ න ሺ1.2021𝑡ଶ െ 2.9053𝑡 ൅ 135.88ሻ𝑑𝑡
ଵହ

ଵଵ

൅ න ሺെ0.44893𝑡ଶ ൅ 46.627𝑡 െ 235.61ሻ𝑑𝑡
ଵ଺

ଵହ

ൌ 1590.7 m

ൌ 1.2021𝑡ଶ െ 2.9053𝑡 ൅ 135.88,

ൌ െ0.44893𝑡ଶ ൅ 46.627𝑡 െ 235.61, 15 ൑ 𝑡 ൑ 20

END

http://nm.MathForCollege.com

Points for Robot Path

𝑥𝑦

x y
2.00 7.2
4.5 7.1
5.25 6.0
7.81 5.0
9.20 3.5
10.60 5.0 Find the shortest but 

smooth path through 
consecutive data points

29 30

31 32
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Polynomial Interpolant Path Spline Interpolant Path

Compare Spline & Polynomial Interpolant Path

Length of path
Polynomial Interpolant=14.9

Spline Interpolant =12.9

33 34

35 36


