Interpolation
Reading Between the Lines



WHAT IS INTERPOLATION ?

Given (xy,10), (X151)s «----- (x,.y,), find the value of ‘y’ at a value of ‘x’ that is not given.
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Figure Interpolation of discrete data.
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APPLIED PROBLEMS



FLY ROCKET FLY, FLY ROCKET FLY

The upward velocity of a rocket is given as a
function of time in table below. Find the
velocity and acceleration at t=16 seconds.

Welocity vs. Time
1000 . .

Table Velocity as a function of time.
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SPECIFIC HEAT OF CARBON

A carbon block is heated up from room temperature of 300K to 1800K.
How much heat is required to do so?
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THERMISTOR CALIBRATION

Thermistors are based on change in resistance of a material with
temperature. A manufacturer of thermistors makes the following

observations on a thermistor. Determine the calibration curve for
thermistor.

1
= = o + a;InR + g, (InR)*+a3(InR)>?

Temperature vs. Resistance

R(Q) | T(°C) ol e

1101.0 | 25.113 5"

911.3 | 30.131 g | °

636.0 | 40.120

451.1 | 50.128 :

400 500 600 700 800 900 1000 1100 1200
Fesistance {ohms)




FOLLOW THE CAM

A curve needs to be fit through the given points to fabricate the cam.

N

. e
Point | x (in.) | y (in.) 1
1 2.20 | 0.00 — -
2 1.28 | 0.88
3 0.66 1.14
4 0.00 1.20
5 —0.60 | 1.04 Cam Profile
6 —1.04 | 0.60
7 —1.20 | 0.00 o
o ] *
0.8 1 ¢
> L 4 0.6 1

04 1
0.2 1
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Why Splines ?

J) =T 75,2

Table : Six equidistantly spaced points in [-1, 1]

1
G LR T

Eract funetion
-1.0 0.038461

Sth order polynomial
-0.6 0.1
-0.2 0.5
0.2 0.5

-1™~—@75 -0.5 -0.25 0.25 0.5 0.75— 1

0.6 0.1 0.2
1.0 0.038461 Figure : 5™ order polynomial vs. exact function
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Why Splines ?

-0.8 -

------- 19th Order Polynomial

f(x) - = =+ 5th Order Polynomial

Figure : Higher order polynomial interpolation is a bad idea
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Linear Spline Interpolation

Given (xo s Vo ), (x1 V) ), ...... , (xn_1 sV, )(xn V, ), fit linear splines to the data. This simply involves
forming the consecutive data through straight lines. So if the above data is given in an ascending
order, the linear splines are given by (yl. = f(x ))

Figure : Linear splines
CENEY
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Linear Spline Interpolation (contd)

F= fa)+ LTI <k
X, — Xy
A Vi D N
X, — X

J(x,)—f(x,0)

=f(x, )+

(x - xn—l )9 xn—l S X S xn
xn—l

Note the terms of

Jx) —f(x)

X =X

in the above function are simply slopes between x,, and x,.



Example
The upward velocity of a rocket is given as a
function of time in Table 1. Find the velocity at
t=16 seconds using linear splines.

Velocity vs. Time

Table Velocity as a
function of time

t ()| v(® (m/s)| ™

0 0

10 227.04

15 362.78 300t

20 517.35 o
22.5 602.97 e

30 90167 0 5 10 1_5|_ime (S;QO 25 a0 35

Figure. Velocity vs. time data
for the rocket example

elocity (mfs)
n
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Linear Spline Interpolation

t, =15, v(t,) =362.78 —_
t, =20, v(t,)=517.35
wt,) —v(t,) O ]
v(t) = w(t,)+— St —t,)
=1, e
frange) 450 L J
517.35-362.78 )
—362.78 + t—15
20-15 (E=19) 5
v(£) =362.78 +30.913(t —15) o 1
At t= 16’ 36278, 350 | | | | | | |
10 12 14 16 18 20 22 24
V(l 6) = 36278 +30913(16 _15) xg —10 X g, TANEE, X degired XS1+10
=393.7 m/s
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Quadratic Spline Interpolation

Given (xo » Vo ), (x1 V) ), ...... , (xn_1 Vo ), (xn Y, ), fit quadratic splines through the data. The splines

are given by (e y2)
2
f(xX)=ax’ +bx+c,, x, <x<x, sz%“a
2 . | )
=a,x” +b,x+c,, x, <x<x, RS
aGx +Bx+e ) ;&3%)
I l ey ﬁ//
T (az2)
a7t +hx+e,
2 frg ¥a
=a x +bx+c,, X, Sx<Xx,

Find a,,b,c,,i=1,2,...,n



Quadratic Spline Interpolation
(contd)

Each quadratic spline goes through two consecutive data points

2
ax, +bx,+c, = f(xy)

Ve ¥ !

2
ax, +bx +c, =f(x) : /.
—a,x b xte,

YR P!

2
ax; +bi'x[—1 t+c¢ = f(xi—l) ax +hxtg

LA

{Taa

2
ax; +bi'xi +c, = f('xi) (= 2)

T

a7t +hx+e,

g Mo

2
anxnfl +bnxn71 +Cn - f(‘xnfl)
2
a,x, +bx +c =f(x,)

This condition gives 2n equations



Quadratic Spline Interpolation
(contd)

The first derivatives of two quadratic splines are continuous at the interior points.

For example, the derivative of the first spline
ax’+bx+c, is 2ax+b,
The derivative of the second spline
a,x’ +b,x+c,is  2a,x+b,
and the two are equal at x = x, giving
2a,x, +b, =2a,x, +b,

2ax,+b -2a,x,—b, =0
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Slope = 2a,x+ B

o)

l LA bj/

e

{Tz 2

T

Slope = 2a,x + by

{FaaFa

Ixi’!’yﬁl

/—_;fope =Za,x+h,

AP, ST L




Quadratic Spline Interpolation
(contd)

Similarly at the other interior points, Yy
(X V!
2a,x, +b, —2a,x, —b, =0
/—_;fope =Za,x+h,
. b P
Sope =2 ’
weI R )

2a,x, +b, —2a,,,x, —=b, =0 l ) 7

T fEaa ]
Slope = Za,x + &,

{0 o

2a, x, ,+b ,—2ax _,-b =0
We have (n-1) such equations. The total number of equations is (2n)+(n—1)=Bn-1).

We can assume that the first spline is linear, thatis a, =0

19
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Quadratic Spline Interpolation
(contd)

This gives us ‘3n’ equations and ‘3n’ unknowns. Once we find the ‘3n’ constants,

we can find the function at any value of ‘x’ using the splines,

f(x)=ax*+bx+c,, X, Sx<x (s ¥

_ 2 —a,x b xte,
=a,x" +b,x+c,, x, Sx<x, /‘

YR P!

aGx +Bx+e

{Taa

LA

(e

T

a7t +hx+e,

2
=a,x" +bx+c,, X, Sx<Xx, e g




Quadratic Spline Example

The upward velocity of a rocket is
given as a function of time. Using
quadratic splines

a) Finc
b) Finc
second

the velocity at t=16 seconds

the acceleration at t=16
S

c) Finc

the distance covered between

t=11 and t=16 seconds

t v(t)
S m/s
0 0
10 | 227.04
15 | 362.78
20 | 517.35
22.5 |602.97
30 |901.67




Data and Plot

t v(t)
S m/s
0 0
10 | 227.04
15 | 362.78
20 | 517.35
22.5 |602.97
30 |901.67

Velocity (m/s)
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Time(s)



Solution

v(t) = a.t* + bit+c¢, 0 <t <10
= a,t* + bt + ¢, 10 <t < 15

:a3t2+b3t+C3, 15St£20
— a4t2 + b4t+ Cq) 20 <t< 22.5

=ast®+ bst + ¢, 22.5<t <30

Let us set up the equations



Each Spline Goes Through
Two Consecutive Data Points

v(t) = ayt* + byt + ¢y, 0 <t <10
a1(0)2 + bl(O) + Cl = 0
a1(10)2 + bl(lo) P C1 == 22704‘

1000

Velocity (m/s)

[\
[}
<

oF :

10 20
Time(s)

30



Each Spline Goes Through
Two Consecutive Data Points

t v(t)
S m/s
0 0
10 227.04
15 362.78
20 517.35
22.5 602.97
30 901.67

a,(10)? + b,(10) + ¢, = 227.04
a,(15)% + b,(15) + ¢, = 362.78
a;(15)? + b3(15) + c; = 362.78
a5(20)2 + b3(20) + ¢5 = 517.35
a,(20)2 + b, (20) + ¢, = 517.35
a,(22.5)% + b,(22.5) + ¢, = 602.97
az(22.5)% + bs(22.5) + ¢z = 602.97

a5(30)2 + b5(30) + Cg = 901.67



Derivatives are Continuous at
Interior Data Points

v(t) = a;t* + byt + ¢y, 0<t <10

= a,t’ + byt +c, 10<t<15

d
= a(aztz + bzt + Cz)

d
a(altz + byt + ¢q)
t=10

t=10
(Zalt + b1)|t:10 = (Zazt + b2)|

t=10

Zal(lo) + bl = 2a2(10) + b2

20a1 +b1 —20(12 _bz = 0



Derivatives are continuous at
Interior Data Points

At t=10
2a,(10) + b; — 2a,(10) — b, = 0

At t=15
2a,(15) + by — 2a3(15) — bs = 0

At t=20
2a5(20) + by — 2a,(20) — b, = 0

At t=22.5
2a,(22.5) + by — 2as(22.5) — bs = 0



Last Equation



Final Set of Equations

< ¥ 00 0 NN NN IS
SO MmMMmOa Oy \©
orNNAANNANN—OOOO
NNOO—A—-O OO
NANMOMLY LN O O O
[l
|l
- = < N N N NN oM FF O NN
SO O8N uUgQOUS U IN
OCOoOO0O0O0O0COoCOoO—"—HOOOO
LN
cocococococonRococoy
N
LN
N o 10
oo ococooco oo oo ¥
o O [
LN
cCoocococo-HHOOOO OO
LN
cocoocoococoldoococo T
N [
N
LN
o N S n
00000006000044
<+ o |
LN
oo -"NHOoOOoOOOOOOO
coocoPCPococococo T ~o
— N |
n o )
coocoNScooococomMZFo
N < |
Co-“HOOOOOOoOOoOoOO
coPPocoocoocooco TwHoo
— [
S 00
cooNocoococococoNQoo
— N [
— VOO0 o0cocococococococo o
cSoccoococococo-ooco
I o
Socoocoocococoocococgococo
—{




Coefficients of Spline

I a b, C;

1 0 22.704 0

2 0.8888 | 4.928 | 88.88
3 -0.1356 | 35.66 |-141.61
4 1.6048 | -33.956 | 554.55
5 0.20889 | 28.86 | -152.13




Final Solution

v(t) = 22.704t, 0 < t < 10
= 0.8888t2 + 4.928¢ + 88.88, 10 < t < 15

= —0.1356t% + 35.66t — 141.61, 15<t <20

= 1.6048t% — 33.956t + 554.55, 20 <t <225

= 0.20889t% + 28.86t — 152.13, 22.5<t <30

1000

800+

600

400+

Velocity (m/s)

200¢

% 10 20
Time(s)



Velocity at a Particular Point
a) Velocity at t=16

v(t) = 22.704t, 0 <t <10
= 0.8888t2 + 4.928¢t + 88.88, 10 <t < 15

= —0.1356t% + 35.66t — 141.61, 15 <t < 20

= 1.6048t2 — 33.956t + 554.55, 20 <t <225

= 0.20889t2 + 28.86t — 152.13, 225t <30

v(16) = —0.1356(16)? + 35.66(16) — 141.61
= 394.24m/s



Acceleration from Velocity Profile

b) Acceleration at t=16

v(t) = 22.704¢t,
= (0.8888t“ + 4.928t + 88.88,

= —0.1356t* + 35.66t — 141.61,

= 1.6048t* — 33.956t + 554.55,

= (0.20889t% + 28.86t — 152.13,

d
a(l6) = Ev(t) oy

0<t<10
10<t<15

15 <t <20
20 <t <225

225<t<30



Acceleration from Velocity Profile

The quadratic spline valid at t=16 is given
by

v(t) = —0.1356t2 + 35.66t — 141.61, 15 <t < 20

d
a(t) = E(—0.1356t2 + 35.66t — 141.61)
= —0.2712t + 35.66, 15 <t < 20

a(16) = —0.2712(16) + 35.66
= 31.321m/s?



Distance from Velocity Profile
c) Find the distance covered by the rocket from
t=11s to t=16s.

v(t) = 22.704t, 0<t<10
= 0.8888t2 + 4928t +88.88, 10<¢t <15

= —0.1356t° + 35.66t — 141.61, 15 <t <20

= 1.6048t> — 33.956t + 554.55, 20 <t <225

= 0.20889t% + 28.86t — 152.13, 225<t < 30

16

S(16) —S(11) = j v(t)dt

11



Distance from Velocity Profile

v(t) = 0.8888t% + 4.928t + 88.88, 10 <t <15
= —0.1356t% + 35.66t — 141.61, 15 <t < 20

16 15 16
S(16) —S(11) = [ v(®dt = | v@)dt+ | v(t)dt
J o= | o |

15

= Jr (0.8888t2 + 4.928t + 88.88)dt
11

16

(

+ | (—=0.1356¢t2 + 35.66t — 141.61)dt

= 1595.9m
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Find @ Smooth Shortest
Path for a Robot
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Points for Robot Path

y

2.00

/.2

4.5

/.1

5.25

6.0

/.81

5.0

9.20

3.5

10.60

5.0

101

o N -+ o 0

0 2 4 6 8 10 12

Find the shortest but
smooth path through
consecutive data points



Polynomial Interpolant Path

10+

0
0 1 2 3 4 5 6 7 8 9 10 11 12
X




Spline Interpolant Path

10+

o M = o Qo

ANy

12



Compare Spline & Polynomial Interpolant Path

® Data Points
10+ — Polynomial Interpolant
— Spline

> 6

0 2 4 6 8 10 12
X

Length of path
Polynomial Interpolant=14.9

Spline Interpolant =12.9
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