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Critical Points of a Real-Valued Function of Two Variables
by Tom Davis'

At a critical or stationary point on a surface, the tangent plane is horizontal, analogous to a horizontal
tangent line for critical points on a curve.
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Given a twice continuously differentiable or C2, real-
valued function z of a vector variable (x,y), denote the
partial derivative of z with respect to x as z, and the

partial derivative of z with respect to y as z,. Then the
gradient of z is the vector grad z = (zx,zy).

Analogous to to the necessary condition that the first
derivative vanish for critical points on a curve, a point
(Xg»Y,) is a critical point if, and only if, grad z(x,y,) =

(0,0).
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A critical point is a local or relative extremum if it is

Animate this graphfor  =0...27 either a local minimum or a local maximum. A critical
in steps of 11_5n for a total of 30 frames point that is not a local extremum is called a
. saddlepoint, analo n inflection point on rve.
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Denote the partial derivatives of z, and z, as z,,, z, =z ,, and z,,. Then the Hessian matrix? of z is the 2
x 2 symmetric matrix H(z) = [h;;(x,y)] where h,; =z, h,, =z, =h,,, and h,, = z,,. The Hessian
determinant of z is the discriminant D = |H| = h,, h,, - h,,

Analogous to the second derivative test for critical points on a curve, a critical point (x,,y,) is a
e strict or isolated local minimum if H is positive definite (h,, >0, D > 0) at (x,,y,)

e strict local maximum if H is negative definite (h,, <0, D > 0) at (x,,y,)
e saddlepoint if H is indefinite ( D < 0) at (x,,Y,)

If D =0 at (x,,Y,), the critical point is called degenerate, and its classification requires further analysis.

The example presented in this lecture is solved using analytical techniques. For a numerical example, see
Newton's optimization method.
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Real-Valued Function z(x, y)
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See contour plot for another view of z.
Explore: Rotate the graph and identify minima, maxima, and saddlepoints of z.
Experiment: Change the coefficient a =1 to a = -1. Comment on your observations.
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Contours of z
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Explore: Local extrema appear as "blank" spots among concentric contours, the tops of elevations or
bottoms of depressions. No contour line may cross another. Saddlepoints are located where contour
lines appear to intersect. Use the knife and rocket tools to investigate points of interest.

Experiment: Change the coefficienta =1 to a =-1. Comment on your observations.
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Partial Derivative Z,

HMPTAMATHHaker 8 PLUG-IN INPUT MATH HELP  [NFILERN
Derivative
(ejJa=1 [@]b=3 [ejc=1 [e]d =1
1., The variables (X, y) are independent of | each other].
2 2
() z=(ax?+by?el-cx~dy

®

2 2 2 2 .
Mz o=-2c(ax®+by?)e” CXdY +Tx 0qe 7 X" dY Ty subsitute

2 2
Mz =2(-acx®~bcy?+a)e X IV Ty Collea

2_ 42
Mz =2x(-acx?~-bcy?+a)e XAV 1 commute

See contour plot for another view of z, .
Explore: Rotate the graph and identify the zeros of z, .
Experiment: Change the coefficienta =1 to a =-1. Comment on your observations.
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Contours of zZ,
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Graph Declarations
i@ Contours at (x, y) where x = left ... right and

y = bottom ... top;x spaced contours of Z
computed with | matching || resolution, shown in [ normal

line style, colored [ Red]| with [ labels |

Explore: Click on the "normally" button in Graph Declarations and change to "at zero only".
Experiment: Change the coefficienta =1 to a =-1. Comment on your observations.
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Zeros of z,
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Experiment: Change the coefficient a = 1 to a = -1. Comment on your observations.
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Partial Derivative z,
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See contour plot for another view of z,.
Explore: Rotate the graph and identify the zeros of z,.
Experiment: Change the coefficienta =1 to a =-1. Comment on your observations.
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Graph Declarations
i@ Contours at (x, y) where x = left ... right and

y = bottom ... top;x spaced contours of z,
computed with | matching || resolution, shown in [ normal

line style, colored [ Red]| with [ labels |

Explore: Click on the "normally" button in Graph Declarations and change to "at zero only".
Experiment: Change the coefficienta =1 to a =-1. Comment on your observations.
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Zeros of z,
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Experiment: Change the coefficient a = 1 to a = -1. Comment on your observations.
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Critical Points (z, = z, = 0)
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Experiment: Change the coefficienta =1 to a =-1. Comment on your observations.
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Hessian Matrix H and Determinant D
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See contour plot for another view of D.
Experiment: Change the coefficient a = 1 to a = -1. Comment on your observations.
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Contours of D
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Experiment: Change the coefficient a = 1 to a = -1. Comment on your observations.
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Classification of Critical Points
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Experiment: Change the coefficienta =1 to a =-1. Comment on your observations.
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Appendix. Glossary
critical, or stationary, point

A point at which a function attains a critical value, either a local extremum or an n-dimensional
saddlepoint. The term stationary point may be visualized by placing a perfectly balanced ball on a smooth
curve or surface: at a stationary point the ball is in static equilibrium and will not roll.

CZ

Twice continuously differentiable. A scalar-valued function of a vector variable is said to be of class C'
when the first partial derivatives of the function exist and are continuous. If these derivatives, in turn, have
continuous partials, the function is said to be of class C?. A related notion is that of geometric continuity:
a function with continuous tangent is of class G, and a function with continuous curvature is of class G2.
degenerate critical point

A critical point at which the Hessian determinant is zero. The behavior of a function near such points
might be tested graphically with level sets (contours) and sections or by some other method.

discriminant

A relatively simple expression that determines some of the properties, as the nature of the roots, of a
given equation or function.

gradient

The first derivative of a scalar-valued function of a vector variable.
Hessian determinant

The determinant of the Hessian matrix.

Hessian matrix

The second derivative of a scalar-valued function of a vector variable. The Hessian matrix is the Jacobian
matrix of the gradient.

indefinite matrix

Let x be an n-element column vector and x' its transpose. Then an n x n symmetric matrix M is indefinite
if the quadratic form x™ M x < 0 for some x and > 0 for other x.

Jacobian matrix
The first derivative of a vector-valued function of a vector variable.
local maximum

A point at which a function attains a value that is a maximum relative to other points in the neighborhood.
If the value at this point is the largest value of the function, the point is a global, or absolute, maximum,
and the function is said to be concave.



Appendix. Glossary (continued)
local minimum

A point at which a function attains a value that is a minimum relative to other points in the neighborhood.
If the value at this point is the smallest value of the function, the point is a global, or absolute, minimum,
and the function is said to be convex.

local, or relative, extremum

A point at which a function attains a value that is a maximum or minimum relative to other points in the
neighborhood. If the value at this point is the largest or smallest value of the function, the point is a global,
or absolute, extremum. Also called turning point.

negative definite matrix

Let x be an n-element column vector and x' its transpose. Then an n x n symmetric matrix M is negative
definite if for all nonzero x, the quadratic form x™ M x < 0.

negative semidefinite matrix

Let x be an n-element column vector and x' its transpose. Then an n x n symmetric matrix M is negative
semidefinite if for all nonzero x, the quadratic form x™ M x < 0.

positive definite matrix

Let x be an n-element column vector and xT its transpose. Then an n x n symmetric matrix M is positive
definite if for all nonzero x, the quadratic form x™ M x > 0.

positive semidefinite matrix

Let x be an n-element column vector and xT its transpose. Then an n x n symmetric matrix M is positive
semidefinite if for all nonzero x, the quadratic form x™ M x > 0.

saddlepoint

A critical point that is not a local extremum. At an n-dimensional saddlepoint, the tangent hyperplane is
horizontal, but the value of the function is neither a local minimum nor a local maximum.

strict, or isolated, local extremum

A local extremum at which the function value is strictly less than (for a strict local minimum) or strictly
greater than (for a strict local maximum) the function value of nearby points. In 3-space, local extrema that
are not isolated exhibit as level lines or contours.
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