INTERSECTION OF SPIRAL CURVE WITH CIRCLE"

Discussion by Thomas G. Davis® and Sum Lin*

The discussers suggest that intersections on cornu spirals or clothoids may
be found more easily by solving for the parameter ! and backcomputing to
obtain Cartesian coordinates.

Expanding (1¢) into Maclaurin series and integrating term-by-term [cf. (2)]
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where, as in (1), T = (/A)*/2; and x and y = Cartesian coordinates at spiral
length l. These expressions are suitable for computer coding; the number of
terms used determines the accuracy of results.

Eq. (5) may be written as

[x() — aF + [y() — b/ =R’ (25)

or [cf. (6)]
Ghy=[x() —al + [y() — b — R*=0 (26)

The roots of G, i.e. particular values of  such that (26) is satisfied, are the
required intersections. Cartesian coordinates of these intersections are given
by evaluating (24) at the roots.

The derivative of G is

G'() =2{x')xl) — a] + y'DIy(l) — b]} 27
Now, x'(l) and y’(l) are derivatives of the integrals (1c), i.e. they are the
integrands
x(N=cos7; y'()=sinT (28)
It is neither necessary nor desirable to represent these derivatives as series.
Substituting (28) into (27)
G'(l) = 2{[x(I) — a)cos T + [y(!) — blsin 1} 29)
Unlike (8), (29) is continucus for all values of / with any choice of con-
stants a, b, and A. The roots of (26) may be found by the iteration
G
G'dy)
There are no exceptional cases to consider.
These parametric equations, and others like them, have long been used in
the Civil Engineering Automation Library (CEAL) (Miller 1995) to solve for

intersections of offsets to spirals with lines, circles, and other offsets to spi-
rals, as well as orthogonal and tangent point projections onto spirals. In every
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instance, solutions are calculated using Newton’s method to determine the
spiral length I. The case of spiral-intersect-spiral is solved using Newton’s
method for nonliner systems; the other cases require the solution of a single,
nonlinear equation. Results are obtained in less than 1 s on a typical Intel
80486 microcomputer and show excellent agreement with numerical solutions
generated by Maple V (Char et al. 1991) using intrinsic Fresnel integral
functions.

The authors have considered the cases of two, one, or no intersections of
the spiral and circle. There remains the case of three intersections. Since any
three noncollinear points determine a unique circle, and three distinct spiral
points (0 = 7 = 3m/2) are never collinear, three intersections are always
possible, however short the spiral length. If distinct intersections are found
by using upper and lower bounds as initial values, a search should be made
between these solutions for yet another root.

If the circle is tangent to the spiral at a particular spiral length I* with
corresponding spiral angle T(I*) = 1*, then

a=x(I*) — Rsint™; b=y(l*) + Rcos1* 31

where R is positive when measured from the spiral toward its evolute, and
negative otherwise. The value of R is arbitrary; whether or not the circle is
an osculating circle of the spiral is immaterial. Substituting (31) into (26)
and (29)

G(I*) = R* sin*t* + R’ cos’t™* — R> =0 (32)
and
G'(I*) = 2(R sin 7* cos 7™ — R cos 7* sin 7*) = 0 33

Eqgs. (6) and (8) are also identically zero at the point of tangency. This po-
tentially troublesome condition is encountered whenever multiple roots are
sought using Newton’s method. While the authors have presented an inter-
esting perturbation technique to induce convergence in (7), (30) has been
found to converge without difficulty.

The limit A = [ = r for a spiral route element may not be adequate to
encompass the ‘‘connecting’’ spiral, or oval curve (Baass 1984), that joins
two circles. Egs. (24), (26), (29), and (30) are applicable to any portion of
the clothoid k; shown in Fig. 1.

Finally, it should be noted that the authors have apparently neglected to
account for negating the * operator throughout the paper. A —(%) or ¥
operator should appear in (6), the numerator of (9), and (20). This is a math-
ematical necessity rather than a matter of convention.

It is the opinion of the discussers that on page 3, (1) should read

On page 5, (6) should read

4., —0.27875

x X T =
Fix) = — [1 — 0.205 (Z) ] FVR -, —a—b=0
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On page 6, (9) should read

3 4 —0.27875
xi+1=xi“{& [1 — 0.205 (il)] ¥ VRZ—'(x,-—a)z—b}/

1 2 . 4 -0.487134 @ — a)
Xi _ X i
CE e ()] -

On page 6, (10) should read

NEAJE ECE S
X ) yearr VR — o — a)z xaxR
On page 8, (20) should read

X — a)

X)=+
Y'(X,) FRZ—(X,-—@Z
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Discussion by K. S. Li’

The authors have presented an iterative procedure for calculating the in-
tersection point of a spiral curve with a circle. The proposed method is based
on Newton-Raphson’s method for solving the root(s) of an equation of the
form

Fn=0 34)

where ¢ is the dependent variable. If (34) can be formulated in an alternative
form

t=f(® (35)

the root(s) of (34) can be solved by means of the following iterative scheme:

L= f(t-) (36)

where #; = ith estimate of the root of (34). The simple iterative scheme can
be started by providing an initial estimate of 7 = &,
The convergence rate of the simple iterative scheme of (36) can be greatly

enhanced using the following compound iterative scheme developed by Li
and White (1987):
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