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Abstract— This paper proposes a minimum mean-square error
(MMSE) filtering technique to estimate the noise power that
takes into account the variation of the noise statistics across the
orthogonal frequency division multiplexing (OFDM) sub-carrier
index as well as across OFDM symbols. The proposed method
provides many local estimates that allow tracking of the variation
of the noise statistics in frequency and time. The MMSE filter
coefficients are obtained from the mean-squared-error (MSE)
expression, which can be calculated using the noise statistics.
Evaluation of the performance with computer simulations shows
that the proposed method tracks the local statistics of the noise
more efficiently than conventional methods.

I. INTRODUCTION

Orthogonal Frequency Division Multiplexing (OFDM) is
a multi-carrier modulation scheme in which the wide trans-
mission spectrum is divided into narrower bands and data is
transmitted in parallel on these narrow bands. Parallel with
the possible data rates, the transmission bandwidth of OFDM
systems is also large. Because of these large bandwidths, noise
can not be assumed to be white with flat spectrum across
subcarriers.

The signal-to-noise ratio (SNR) is broadly defined as the
ratio of the desired signal power to the noise power and
has been accepted as a standard measure of signal quality
for communication systems. Adaptive system design requires
the estimate of SNR in order to modify the transmission
parameters to make efficient use of system resources. Poor
channel conditions, reflected by low SNR values, require
that the transmitter modifies transmission parameters such
as coding rate, modulation mode efc. to compensate chan-
nel and to satisfy certain application dependent constraints
such as constant bit-error-rate (BER) and throughput. Dy-
namic system parameter adaptation requires a real-time noise
power estimator for continuous channel quality monitoring and
corresponding compensation in order to maximize resource
utilization. Bit loading in DMT system is performed using
the knowledge of SNR information in each subcarrier position
in [1], and adaptive bit-loading is applied to OFDM systems in
[2]. The knowledge of SNR also provides information about
the channel quality which can be used by hand-off algorithms,
power control, channel estimation through interpolation, and
optimal soft information generation for high performance
decoding algorithms.

The SNR can be estimated using regularly transmitted train-
ing sequences, pilot data or data symbols (blind estimation).
In this paper, we restrict ourselves to data aided estimation. In

conventional SNR estimation techniques for OFDM , the noise
is usually assumed to be white and an SNR value is calculated
for all subcarriers [3]-[5]. This assumption is removed in [6],
[7] by calculating SNR values for each subcarrier. However,
the correlation of the noise variance across subcarriers is not
used in both papers as noise variance is calculated for each
subcarrier separately. In [6], blind (expectation maximization
(EM)) and decision-directed noise variance estimation algo-
rithms are given. The noise variances are calculated separately
for each subcarrier by assuming they are constant over time.
SNR estimation for a 2 x 2 MIMO-OFDM system is presented
in [7]. SNR is estimated using the preambles without the
need for channel estimation. Two SNRs are defined, SNR per
subcarrier and overall SNR. SNR per subcarrier is calculated
by averaging four neighboring subcarriers.

In this paper, the white noise assumption is removed and
variation of the noise power across OFDM sub-carriers as well
as across OFDM symbols is allowed. The noise variances at
each subcarrier is estimated using a two dimensional MMSE
filter whose coefficients are calculated using statistics of the
noise. The paper focuses more on estimation of noise power,
and assumes that the signal power, and hence SNR, can be
estimated from the channel estimates. This paper is organized
as follows. In next section, our system model is described.
Section III explains the details of the proposed algorithms.
Then, numerical results are presented in Section IV and the
conclusions are given in Section V.

II. SYSTEM MODEL

OFDM converts serial data stream into parallel blocks of
size N and modulates these blocks using inverse fast Fourier
transform (IFFT). Time domain samples of an OFDM symbol
can be obtained from frequency domain symbols as

N—1
zn(m) = Z S, k€ 2TEN 0 <m < N =1, (1)
k=0

where .S, i, is the transmitted data symbol at the kth subcarrier
of the nth OFDM symbol and N is the number of subcarriers.
After the addition of cyclic prefix and D/A conversion, the
signal is passed through the mobile radio channel.

At the receiver, the signal is received along with noise and
interference. After synchronization and removal of the cyclic
prefix!, fast Fourier transform (FFT) is applied to the received

IThe length of the cyclic prefix is assumed to be larger than the maximum
excess delay of the channel.



signal to go back to the frequency-domain. The received signal
at the kth subcarrier of nth OFDM symbol can then be written
as

Ynk

)

= Sn,an,k + In,k + Wn,k 0< k < N — ]-7 (2)
—_————

Zn,k

where H,, ;, is the value of the channel frequency response
(CFR), I, is the colored noise caused by interferers or pri-
mary users, and W, j, is the white Gaussian noise samples. We
assume that the impairments due to imperfect synchronization,
transceiver non-linearities efc. are folded into W, ; and the
CFR is not changing within the observation time.

The white noise is modeled as a zero-mean Gaussian
random variable with variance o3, i.e. W, = N(0,03). The
interference term is also modeled as a zero-mean Gaussian
variable whose variance is a function of the symbol and
subcarrier indices, i.e. I, = N(0,07 ), where o, is the
local standard deviation. Note that although the time-domain
samples of the interference signal is correlated (colored), the
frequency-domain samples ([, ;) are not correlated, but their
variances are correlated [8]. Assuming that the interference
and white noise terms are uncorrelated, the overall noise
term Z,  can be modeled as Z, , = N(O,o;%kz), where
o, k2 = O’,?L,k + o8 is the effective noise variance. The goal
of this paper is to estimate J;L, kz which can be used to find
SNR or to measure the spectrum that the OFDM system is
currently using. Note that if oo > o0, 1, the overall noise can
be assumed to be white and it is colored otherwise.

The autocorrelation of the effective noise power is defined
as

Ry2(1,A) = En i {O—;L,k20—;1+T,k+A2} ; 3)

where &, 1{-} represents expectation over OFDM symbols
and subcarriers. When the time dependency is dropped, the
correlation of variance in the frequency dimension can be
expressed as

Ry2(A) = & {01;202+A2} : “)

III. DETAILS OF THE PROPOSED ALGORITHM

In this paper, three different scenarios for the noise process
Z, 1 are considered: white noise, stationary colored noise, and
non-stationary colored noise. The first one is the commonly
assumed case, where the frequency spectrum of the noise is
uniform. In the second scenario, we assume to have a strong
interferer which has larger bandwidth than the desired OFDM
signal. A strong co-channel interferer is a good example
for this case. In the third one, an interferer whose statistics
are not stationary with respect to time and/or frequency is
assumed to be present. Adjacent channel interference or a co-
channel interference with smaller bandwidth than the desired
signal (narrowband interference) are examples of this type
of interference. A scenario where the interference is not
stationary in both time and frequency is illustrated in Fig. 1.
Here, the statistics of noise components change as we move
along the time or the frequency axis.

Time

Desired Signal

o,

Frequency

Interferer

Fig. 1. TIllustration of non-stationary interference.

The commonly used approach for noise power estimation
in OFDM systems is based on finding the difference between
the noisy received sample in frequency domain and the best
hypothesis of the noiseless received sample [3]. It can be
formulated as

Zn,k = Yn,k - Sn,kﬁn,k (5)

where S”mk is the noiseless sample of the received symbol
and ﬁn,k is the channel estimate for the kth sub-carrier of
nth OFDM symbol. The bias caused by incorrect hypothesis
of data symbols S’n,k can be removed by using a look-up
table or statistical relation between the true and estimated SNR
values [6].

We propose to filter the noise variance estimates calculated
at each subcarrier |7, x|?> using a 2D filter. Filtering will
remove the common assumption of having the noise to be
white and it will take the colored interference (both in time
and frequency) into account. Let us represent the weighting
factor at each subcarrier with w,, ;. In this case, the estimate
of the noise power at kth subcarrier of nth OFDM symbol can
be written as

U L
Grr= > > wutl Znsuiil - (6)

u=—Ul=—-L

where 2U + 1 and 2L + 1 are the dimensions of the filter
in time and frequency directions respectively. The weighting
coefficients should have a unity power, i.e. >, > wy; = 1.
The two dimensional filter given by (6) can be very complex
for practical implementation. To reduce the complexity, two
cascaded 1D estimators in time and frequency may be used
instead. This approach is valid when the variation of the noise
variance in time and frequency dimensions are independent.
For the rest of the paper, filtering in frequency direction will
be considered and symbol index will be dropped for notational
clarity. In this case, the estimator can be represented as

L

o = Z wi| Zia|? - )
I=—L

where w; satisfies ZzL:_ ;, w; = 1. The filter coefficients wy
can be calculated using the statistics of the interference plus
noise Zj. In this paper, we use a minimum mean-square error
(MMSE) approach for finding these coefficients.



Estimation error at the kth subcarrier can be written as

wz|2k+l|2—0k2 . ®)

Note that the instantaneous errors (8) will be a function of
the filter coefficients w;, the interference statistics, average
interference power, and average noise power. Hence, ideally
the optimum values for weighting coefficients will be different
for each subcarrier. However, this requires knowledge of local
statistics and has a large complexity. Hence, we use the same
coefficients for whole subcarrier range.

The filter coefficients can be calculated by minimizing the
mean-squared-error (MSE), i.e by minimizing the expected
value of the square of (8). The MSE can be formulated as
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where E;{-} represents expectation over subcarriers. By fur-
ther simplification, (10) can be written in terms of the auto-
correlation of the variance of the noise component R,z (7, A)
and the filter coefficients as

L L
p= (1 + > wl2> R,2(0) =2 > wiR,n(l)

l=—L lI=—L

L L
+ Z Z W wy Rz (I —u) .

l=—Lu=—-L
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The weighting coefficients that minimizes (11) yield the
MMSE solution. In order to find this solution, the derivative
of MSE p with respect to filter coefficients can be set to
zero. We can write (11) in matrix form for simplifying the
calculations. Let w = [w_r - --wp - --wz]T be the coefficient
vector, R = [Ry2(—L) - Ry2(0) -+ Ry2(L)]T be the cor-
relation vector, and C,,2 be the covariance matrix of size
(2L+1) x (2L +1) with coefficients C,2(i,j) = Rgr2(i—Jj).
Using these definitions, the MSE equation given in (11) can

be represented in matrix form as
p=Ryr(0)(1+wiw) —2wIR+wlC,ow. (12)

The derivative of (12) with respect to the filter coefficients is
0
67WP
By setting the derivative to zero, i.e. % p =0, and arranging
the terms, the coefficient vector might be calculated as

w = (Cy2 + Ry2(0)I) 'R,

=2R,2(0)w — 2R + 2C, 2w . (13)

(14)

where Iis (2L + 1) x (2L + 1) identity matrix. The variance
of the proposed estimator can be found by plugging (14) into
(12) as

p=R,2(0) —RT(C,2+ R,2(0)1)'R. (15)

Note that the weighting coefficients depend on the statis-
tics of interference and white noise. These statistics can be
obtained by averaging since the processes are assumed to be
stationary.

A. Rectangular Window

In order to decrease the computational complexity of the
filtering algorithm, we propose an approximate method. In-
stead of using the weighting factor w for filtering, a simple
rectangular window, i.e. a moving average window, is used.
The dimensions of this filter (as OFDM symbol and subcarrier
number) can be calculated using the statistics of the received
signal. The filter coefficients in rectangular windowing case
can be written as

= {1/Lw Ly <1< L 6

0 otherwise
where 2L,, + 1 is the length of rectangular window. For
calculating the optimum window size, the MSE given in (11)
can be minimized by excessive searching [9]. Moreover, the
window size can also be calculated using the weight w; given
in (14) by minimizing the error squared between the two
coefficients as
L

L, = argmin Z (w; — w))? .
L. =

7

Our results show that both methods for calculating L,, gave
very close results, and the second method, i.e. calculation
using (17), is used in this paper for finding the length of
rectangular window.

For calculating the noise variance at one subcarrier, 2L
multiplications and additions are required in the MMSE fil-
tering algorithm. On the other hand, only 2L,, additions and
1 division is required in the rectangular windowing algorithm.
Although, the reduction in the computational complexity is
large, the performance loss due to the rectangular windowing
is not very big as will be discussed lated.

B. Edges and Time averaging

The filtering method given by (7) requires the noise es-
timates at L-many left and right subcarriers for estimating
the variance at current subcarrier. This might be a problem
at the edges of the spectrum as the weights are calculated
by assuming that averaging can be done on both sides of the
current subcarrier. In order to find the weighing values at the
edges, (7) is modified and (14) is derived again. In order to
find the noise variance at the right edge of the spectrum, for
example, (7) can be updated as

0
o= wilZpl® .
()

(18)
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Fig. 2. Mean squared error for different algorithms as a function of the

stationary interference to white noise power ratios.

In this case, the formula for w given in (14) may be used for
calculating the weighting coefficients. However, the definition
of w and R should be updated as w = [w_r, - wp]? and
R = [R,2(—L)-- Ry=(0)]T.

IV. NUMERICAL RESULTS

An OFDM system with 512 subcarriers and 20MHz band-
width is considered for testing proposed algorithms. The
stationary interference is assumed to be caused by a co-channel
user transmitting in the same band with the desired user, and
a co-channel signal with 3MHz bandwidth is used to simulate
the non-stationary interference. We use averaging over 20
OFDM symbols and consider estimation over subcarriers only,
i.e. Wy = wy, but the results can be generalized to two
dimensional case as mentioned earlier. The length of the
MMSE filter is set to 120, i.e. L = 60.

The MSE performances of the conventional, MMSE filter-
ing, and rectangular window algorithms are given in Figs. 2
and 3. Note that the MSE performances are given in log-
arithmic scale. Fig. 2 gives the MSEs as a function of the
stationary interference to white noise power ratio and Fig. 3
gives the MSEs as a function of the non-stationary interference
to white noise power ratio. The total noise plus interference
power is kept constant for both figures. When the ratio is
very small (e.g. -20dB), the total noise can be considered
as white noise, and conventional algorithm performs best
because its inherent white noise assumption is true, and the
estimation error increases as the total noise becomes more
colored for all three methods. The proposed filtering algo-
rithms has considerable performance gain over conventional
one. The rectangular window based algorithm has very close
performance to the MSE filtering, and it may be preferable in
practical applications because of its lower complexity.

10° 1
4
B
2107t 1
o
I //
©
£
2 107" 4
107°) — —s— Conventional E
—~— MMSE Filtering
—+— Rectangular Window
L L L L L L L
-20 -15 -10 -5 0 5 10 15 20
Interference-to-noise ratio (dB)
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non-stationary interference to white noise power ratios.

V. CONCLUSION

In this paper, a new noise variance estimation algorithm
for OFDM systems is proposed. The proposed method re-
moves the common assumption of white Gaussian noise and
considers colored noise. Noise variance, and hence SNR, is
calculated by using two cascaded filters in time and frequency
directions whose coefficients are calculated using the statistics
of noise/interference variance. Simulation results show that
the proposed algorithm out-performs conventional algorithm
under colored noise cases.
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